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Sections was established merely by introducing particular facts, and this was demonstrated
without hypothesis.

22.
Theory of two constant current elements.

Having attained the fundamental electrical law expressed in the previous Section, we can
place it at the head of the theory of electricity, and from it synthetically derive a system of
consequences, which is the ultimate purpose of such a law.

The consequences which can be derived from it for static electricity, are found in Poisson's
classic Treatise in the Mémoires de l'academie des sciences de l'institut de France, for the year
1812. For the foregoing fundamental law is, for the case of statics, identical with that law which
Poisson, in the cited location, placed at the head of electrostatics.

For moving electricity, first the uniform motion of the electricity of galvanic currents in
conductors at rest is to be considered, to which Ampere's law relates. Now, since the above
fundamental electrical law was developed analytically from Ampére's law, Ampere's law must in
turn follow synthetically from this fundamental law. This derivation is actually to be given here.

In two current elements & and «', which, with the straight line connecting them, lie in
planes which make the angle @ with one another, four electrical masses are given, namely, one
positive and one equally large negative in each current element.

For element o, + e would denote the positive mass, which moves with constant velocity
+u in the direction of element « , which forms the angle ¢ with the straight line » directed from
the first element to the second; for the same element, — e would denote the negative mass, which
moves in the same direction with the constant velocity —u, viz., backwards.

The letters with primes + a'e', tu' and $' denote the same thing for the other element «',
as the letters without primes denote for the first element « .

Among these four masses, the following four effects are to be considered:

from +ae to +a'e',
from —ae to —a'e',
from +ae to —a'e',
from —ae to +a'e'.
The four distances of these masses acting upon each other at a distance are equal at the moment
under consideration, when all these masses are located in the two given elements « and «', to the
given distance of these two elements ». These four distances, because they do not always remain
equal, on account of the differing motions of the masses, are denoted by 7, r,, r,, r,, and
therefore, at the moment under consideration
h=rh=n=r=r.

The application of the fundamental law given at the end of the previous Section then

directly yields the values for these four partial effects, in succession,

ae-a'e'( ady a’ dzrlJ
+—1 —t
3

-———+—r
R 16 dt> 8 ' dt
ae-a'e' a’dr;, a® d'r
+———| 1 2+ —r—
2 2 2 >
16 dt~ 8 ~dt
B ae-a'e'( a’drp a dzlgj

]/'_
16d* 8 ° di?
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_ae-a'e l_a_zd_zf+a_2r d’r,
16d* 8 *dt’ )
These four forces are transferred from the electrical masses + a'e' and —a'e', on which
they directly act, according to Section 19, page 84,*' to the ponderable mass of the element «', and

combine therein into a resultant, which is equal to the algebraic sum of those forces. This sum is,
with respect to the already mentioned equality of the distances,

& ge-de|(dy ds df dr)  (dn d'r d'r dn |
di*  dt*  di*  dif?

> dr* dr* ar

If the mass + e now progresses in its path in the time element df with velocity +u by the
element of displacement +udt, which path forms the angle 9 with the straight line 7, while the
mass + a'e' progresses in its path in the same time element df with the velocity +u' by the element
of displacement +u'd¢, which path forms the angle 9' with the extended straight line 7, and if
these small displacements are projected onto the direction 7, then

r+dn =1 —udt-cos$+u'dt-cosy,

in which dr, denotes the change of length of the straight line connecting the two positive masses

during the time element dt. From this follows
dr,

—L =—ucos9+u'cosy'.
dt
Likewise there results for the two negative masses —ae and —a'e':
dr.
—2 =+4ucosP—u'cos¥;
dt
further, for the positive + e and for the negative —a'e':
dr.
—3 =—ucos3—u'cosd';
dt
finally for the negative — e and for the positive + a'e':
dr.
—* =+ucos9+u'cos .
dt

Hence,

2 2 2 2
(drlz + dr22 — dr32 — dL‘;J = —8uu'cos $cos Y.
dt© dt~ dt* dt
Now, since, further, the velocities # and u' are constant, when the changes in the angles 9
and 4' (which themselves of course have the same value at the moment under consideration for all
four pairs of masses, but which values change with time and become unequal) during the time
element dt, are denoted

for the first pair of masses, d.$ and d¢
for the second pair of masses, d%, and d.§',
for the third pair of masses, d%, and d9',
for the fourth pair of masses, d9, and d9',,
there results through differentiation of the first differential coefficients:
d’n d$, ds

> =4using-—+ —u'sin - —=+,
dt dt dt

1 [N. E.] Page 137 of Weber’s Werke, Vol. 3.
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2 '
d ’;2 =—usin3~&+u'sin,9'~&,
dt dt dt
2 '
d ’;3 :+usin3-&+u'sin3'-&,
dt dt dt
2 '
d ’;4 =-using % —u'sin 9" s,
dt t dt

Hence

d’v, d’r, d’r, d% . d$ d%, d8 d§,
st ——— > | =+usin g - - +
dt dt dt= dt dt dt dt

d9, _d9, ds, d19'4j
dt dt dt |

—u'sin 19'(
dt

Al—p

Fig. 18. Fie. 19.

Now, let AB in Figure 18 represent the line ». Let the mass + ae be located at 4 and move in the
direction AC with the velocity +u in the time element df through AD = + udt. The angle which the
current direction AC forms with AB, is BAC =9. As a result of the motion of 4 to D, the angle
BAC becomes BDC, and

BDC = BAC + 4BD = 9+ ¥ ging.
r

The line AB in Figure 19, which again represents r, is extended to B'. The mass + a'e' is located at
B and moves in the direction BE with velocity +u' in the time element df through BF = + u'dt. The
angle which the current direction BE forms with BB’, is B'BE =9'. As a result of the motion of B
to F, the angle B'BE becomes F'FE, and

3'=B'BE = AFB+ BAF = F'FE +u—dtsin g,
r
accordingly is

1

FFRE=9-"%gng.
r
Finally, if, through the center of a sphere, lines are drawn parallel to the direction AB and to
the two current directions AC and BE in Figs. 18 and 19, which cut the sphere's surface at R, U, and
U' in Figure 20, and R is connected with U and U’ by the arcs of great circles, then the plane of the
arc UR =9 is parallel to the plane BAC in Figure 18, and the plane of the arc U'R = 4" is parallel

to the plane B'BE in Figure 19, and the angle formed by the two planes at R is the angle denoted @ .
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Let arc UR be extended to S, U'R to S’, and make
RS=+u—dtsin19', RS‘=—u—dtsin,9'.
r r

Then US is the arc of the angle BDC in Figure 18, and U'S’ is the arc of the angle F'FE in Figure
19. The element of the surface of the sphere, in which R, S, and S’ lie, can also be considered as an
element of the plane touching the surface of the sphere at R, and the arc elements RS and RS’ as
straight lines in this plane. If the parallelogram RSR'S’ is completed in this plane, then a line drawn
through the center of the sphere parallel to the straight line connecting both masses at the end of the
time element d¢, goes through the point R'. From this it follows that the direction of this straight line
is changed by the simultaneous motion of both masses exactly as it would change, if the one mass
were at rest and its motion, taken as being opposite, were attributed to the other mass. Both
motions, transferred to a point in this way, can then be combined according to the law of
parallelograms, and the cited result is obtained.
Finally, if R"is connected with U and U’ by means of the great circle arcs, then
UR'=8+d8 =UR+d§
U'R'=9+d% =U'R+d9,.
It follows that:
d8 =UR'-UR=RS + RS'cosw
d$ =U'R'-U'R=RS+RScosw.

Now, since RS = +u—dtsin 4, RS'= _u_dt sin 4", it follows that:

r r
udt . u'det .
d8 =+—-sin$—-———sinFcosw
r r
u'dt . udt .
d¥,=———sin§'+—sinJcosw.
r r

Accordingly,
d§ ) .
r7 =+4usin 4 —u'sin $'cos @

dy, . )
r =—u'sin 9" +usindcosw.

In the same way, there results for the two negative masses —ae and —a'e':

dg ) )
rd—2 =—usin $+ u'sin $'cos w
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'
2

dt
further, for the positive mass + ae and for the negative —a'e':

r =+u'sin $—-usinFcosw,

dg ) )
r73 =4usin $+ u'sin $'cos w

'
3

r =+u'sin$ +usinFcosw,

finally, for the negative mass — e and for the positive +a'e':

ds ) )
rT“ =—usin$—u'sin ¥ cosw

. dy',
dt
If these values are now substituted, the following equation is obtained:*

=—u'sin$ —usin $cosw.

2 [N. A.] This equation can also be derived from the equations of motion of the four electrical masses. Let a plane be
laid parallel with &' through the element « . Let O be that point in this plane, at which direction « is cut by direction
a', which is projected on this plane. Let O be the origin of the coordinates, direction « as the x axis, and the z axis be
perpendicular to the above-mentioned plane. Further, imagine that both masses always move forward uniformly in the
same directions, and choose that moment as the initial point of time ¢, for which the coordinates of the mass later
considered in &' are
x'=0,y'=0,z'"=c

If & then denotes the angle which the directions & and «' form with each other, x, y, z the coordinates of the mass
later considered in « , and u and u'the velocities of both masses, then the equations of motion are

for the one mass: for the other mass:
x=b+ut x'=u't-cos¢
y=0 V'=u't-sing
z=10 z'=c

where b and c are given constants. Accordingly,
x'—x=(u'cose—u)-t—b
y'-y=u't-sing
'-z=c
and, since > = (x'—x)* +(y'=y) +(z'-2)*,
r=[(u'cose —u)-t—bf +u? *sin® & + 2.

If this equation is differentiated with respect to 7 and ¢, one obtains:

drn 1 .
ZL—— [(w'cose—u)-t —b)u'cos e —u)+ut-sin’ ¢,
dt n
and, through repeated differentiation,
d’r dr’
h—+—% =u’+u”2uu'cose .
de= dt

Now, for the moment where the two masses have reached « and «', if 9 denotes the angle which the direction from
a to o' forms with the first coordinate axis,
x'-x=rcos9.

If lines are drawn parallel with the three coordinates, further with the direction from « to «', and finally with the
direction ¢' itself, through the center of a sphere, whose surface is cut into

X Y, Z Rand P,
then RY is the arc of the angle, which the line from o to «' forms with the second coordinate axis, and hence for the
moment, where the two masses reach « and o',

y'=y—rcosRY .
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d’v, d’r, d’r, d’r,
r >t T2 T T T T
dt dt dt dt

J =—8uu'sin 9sin F'cosw .

a’rl2 N dr22 B dr32 B dr42
dt*  dt*  dt*  dt?

expression for the resultant of four partial effects, then one obtains the following values for it:

If these values and those found for ( j are substituted in the above

'

ao

) ) 1
———-aeu- ae'u'[sm Gsin $'cosw — EcosScos 9.
-

If one substitutes here, according to page 94,

aeu =i, ae'u'=1',
then, according to this derivation from the established fundamental electrical law, there results for
the repulsive force of two current elements the same value as according to Ampere's law, namely:

1

aa' .. . . 1
- —211'(sm Gsin d'cosw — Ecosgcosg'j ,
-

or, when ¢ denotes the angle which the two elements & and &' themselves make, and where then
cos¢ =sin 9dsin $'cos@ + cos $cosd',

Now, however, in the spherical triangles PRX and PRY, because the radius P (which is parallel to the direction ') lies
in the same greatest circle with the radii X and Y (which are parallel to the plane of the coordinate axes x and y),
cos RX sin PY + cos RY sin PX = cos PRsin XY ,
and further,
XY =90°, PX=¢, RX=8, PR=9",
where 9' denotes the angle which the line from a to &' forms with the direction of «' itself. If these values are
substituted, there results

cos 9'—cosJcose
COSRY =—————— |
sin &
hence

, cos J'-cos Jdcos e
y=y=n——7_"—""
sine
If ¢ in the above equations now denotes for x' - x and y' - y those values, which correspond to the moments at which the
two masses reach a and ', then the above values of x’ - x and y’ - y are to be set equal to the ones just found, or

(u'cose—u)t—b=r cos &

o cos 3'—cos Jcos ¢
u't-sme=r: - .
sing

. . ) dr, .
If these values are substituted in the expression for 7‘ , the result is:
t

%:ﬂt'cosg'—ucosg.

a’zr1 a’rl2

If from this is subtracted the square of the value found for r, e + T then it remains the case that
t t

dzr1
dr’

2 12 2 Qi
n =u”sin”> 9+u" sin> ' — 2uu'(cos & — cos $cos )

or, if the angle @ is introduced, in accordance with the equation cos ¢ = sin 3sin 3'cos @ + cos $cos ',
d’, . . . .
r d—zl =u’sin® $+u"” sin’ 9'— 2uu'sin $sin $'cos @ .
t
The corresponding differential coefficients of the other pairs of masses are found in the same way, which then together

give the above equation.
#[N. E.] Page 152 of Weber’s Werke, Vol. 3.
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'
—%ii’(cosg—écosélcosg'j.
r 2
The actions at a distance of uniform electrical currents in conducting wires at rest are hereby fully
determined. The derivations of the established fundamental law carried out up to now are all
empirically confirmed.

Theory of Volta-induction.
23.

It still remains to develop, from the established fundamental electrical law, the effects of
variable electrical currents in moving conductors, which development comprises the theory of
voltaic induction.

Voltaic induction differentiates itself from Ampere's electrodynamics in that it has to do
with the generation of currents, which is wholly excluded from the latter.

The following is empirically known about voltaic induction. We know, first, that it can be
elicited in two essentially different ways: namely, currents can be induced by means of constant
currents and by means of variable ones. Induction occurs by means of constant currents, either
when a conducting wire, through which the constant current is passing, approaches the conducting
wire in which a current is to be induced, or is moved away from it, or when, vice versa, the latter
approaches the former or is moved away from it. It seems to be a matter of indifference for the
effect, whether only the one, or only the other wire, or both alike are moved, provided that their
relative motion is the same. If the two wires are parallel to each other, then a current of opposite
direction will be induced by bringing them closer, a current of like direction will be induced by
drawing them apart. Induction occurs by means of variable currents, even when the conducting
wire, through which the variable current passes, remains undisturbed with respect to the wire in
which a current is to be induced. If the two wires are parallel to each other, increasing current
intensity induces a current of opposite direction, decreasing intensity a current of like direction.

We empirically know, secondly, that the induction caused by a constant current in a
conducting wire moving toward it is the same as the induction caused by a magnet in the same
conducting wire, if the electrodynamic force of repulsion or attraction, which that current would
exert on this conducting wire when a determined current passed through the latter, is equal to the
electromagnetic force, which the magnet would exert on the same wire under the same conditions.
See Section 11, page 61.*

These empirical findings can serve to test the correctness of the laws of voltaic induction
which are to be established.

Moreover, it should be noted, that the theory of voltaic induction is a theory of
electromotive forces, by means of which the induced currents themselves are still not completely
determined. In order to completely determine the induced currents themselves, also according to
their intensity, as well as the electrodynamic forces of repulsion and attraction and secondary
inductions which they themselves further elicit, it requires, besides the determination of the
electromotive force to be drawn from the theory of voltaic induction, a statement of the resistance
of the entire circuit to which the induced conducting wire belongs, as is obvious from the
dependency defined by Ohm's law of the current intensity on the electromotive force and the total
resistance of the circuit.

# [N. E.] Page 103 of Weber’s Werke, Vol. 3.
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The complete development of the effects of non-uniform electrical currents in moving
conductors comprises, finally, not merely the theory of voltaic induction, that is to say, it not
merely accounts for the generation, strengthening, and weakening of currents in the ponderable
conductors, but it also encompasses all electrodynamic forces of repulsion and attraction, which are
effects of the above-cited currents, and which move the ponderable currents themselves.

In the following Sections, we intend first to begin with a prefatory consideration of
particular cases, and then to follow with the general development of the effects of electrical
currents which are not uniform, as they take place in galvanic currents of variable intensity, while
the ponderable conductors are in motion.

24.

Law of exciting a current in a conductor, which approaches a constant current element at rest, or
is distanced from it.

The simplest case of voltaic induction to which the established fundamental law can be
applied, is the one in which, of the two elements, only one, namely, the inducing one, already
contains a current, specifically, a current of constant intensity, and the distance between the two
elements is altered simply by means of the motion of the other element, namely, the induced one.

If o now denotes the length of the inducing element, &' the length of the induced element,
then four electrical masses are to be differentiated in these two elements, namely:

+ae, —ae, +a'e, —a'e.

The first of these masses, + e, moves with constant velocity +u in the direction of the element at
rest « , which forms the angle 9 with the straight line drawn from o to «'; the second, —ae,
moves in the same direction with velocity —u, viz., backwards; the third, + a'e', which indeed
rests in the element &', is carried forward by it with velocity + ' in that direction which forms the
angle J' with the extended straight line drawn from a to «'; and with the same straight line, lies
in a plane, which, with the plane containing element & and that straight line, forms the angle o;
the fourth, finally, —a'e', which likewise rests in element «', is carried forward by this element
with the same velocity +u' in the same direction as the third mass. The distances of the first two
masses from the second two are all equal at the moment in question to distance 7, at which the
elements & and o' are found at that moment; since, however, they do not remain equal, they are
denoted,45 as on page 99,46 By Ty, By, 1y

The application of the fundamental law then yields, as on page 99," the following four
partial effects among these four masses:

. ae~a'e'(1 a’dr? +a_2r dzrlJ
8

2
h

ae-a'e a’dr;, o d'r

+——1 1 —
16dt~ 8 " dt

ae-a'e' adrp o d'r

—— |1 y Yo h T
16 d~ 8 ° dt

3 [N. E.] See beginning of Section 28.
¢ [N. E.] Page 158 of Weber’s Werke, Vol. 3.
47 [N. E.] Page 158 of Weber’s Werke, Vol. 3.
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6d’ 8 dr
These four partial effects can now first be combined into two forces, of which one is the action of
the two masses of the inducing elements + ae and —ae on the positive mass +«'e' of the induced
element, the other the action of the same masses on the negative mass —«'e' of the induced
element. The former force is the sum of the first and fourth, the latter is the sum of the second and
third. The former force is thus, with regard to the equality of 7, r,, , and 7, with r at the moment

a’ ae-a'e|(dr’ dr} ) d’r, d’r,
= — —_— | = 14 —_—— ’
16 dr’* dr’ dr’* dr’

a’ ae-a'e|(dr dr} ) d’r, d’r
= | =55 |- 2r - .
16 7 dt* dr’ de*  dt’

Now, insofar as the motions elicited by these forces in both electrical masses, + a'e' and —a'e', in
their ponderable carrier «' are cancelled almost instantaneously by the resistance of the carrier,
and thereby all the forces acting on those masses are immediately transferred to this carrier, the
sums of the above two forces, as on page 100,*® gives the force which moves the carrier «' itself,

dt*  dt*  dr*  df?

ae-a'e’(l adr] a d2r4]

in question,

the latter force is

e dr’ dr’ dr
Before the transference to their carriers of those forces which originally acted on the electrical
masses, the electrical forces themselves are, however, somewhat displaced in their carriers, and
when this displacement is different for the positive mass + «'e' and the negative mass —a'e', the
two thus being thereby separated from each other, then a galvanic current is produced in carrier o',
and the force which effects this separation, is called the electromotive force. It is clear, that this
electromotive force depends upon the difference of the above two forces, i.e., on

a’ ae-a'e'{[d_lqz_d_;fzz+d_;f32_d_lfJ_2r(d2ﬁ _d’n N d’r, d%]}

16 7 at* d’ dr ar e dr’ dt* dr
According to the determinations given in Section 22 for two constant current elements at rest in

relation to the motion of their electrical masses, the value obtained there for that former sum was
equal to the force determined by Ampére's law,

aa' .. 3

=——-ii'| cos¢ ——cosdcosH |;

r 2

there the value of this latter difference would then, however, be
=0.

According to the determinations given in this Section for a constant current element at rest
and for a moving wire element without current with respect to their electrical masses, the value of
that former sum, however,

= 0,
and the value of this latter difference
aa' _ 3
= _—zae'u'z(cosg - Ecosgcos 3’] ,
r

8 [N. E.] Page 159 of Weber’s Werke, Vol. 3.
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as is to be proven in what follows.
It is merely necessary for this purpose, in the differential coefficients determined on page

100,* to put +u' instead of —u' for the velocity of the negative mass; one then obtains:

% =% =—-ucosé+u'cosd
dt dt
% =ﬂ =+ucosd+u'cosd'.
dt dt
Hence, then
dri | dry i dr] _
dr*  df* drf dr’
On the other hand:

2 2 2 2
dry dr, dry dr,

o + i = —8uu'cos Jcos Y.

Further, one obtains:

2 1
fﬁ? :+usin9-%—u'sinl9'-%
2 ]
Cilt? =—usin3~%—u'5in9‘-%
2 '
i’lt’;} =+usin3~%—u'5in9‘-%
2 '
d Z“ =—usin,9-ﬂ—u'sinl9'-&,
dt dt dt

hence:

dn & dn dr g(dgl _ds_d9, | d.94]

de*  dt*  di*  dtf? dt dt dt dt
dt dt dt dt

In contrast is

dn_d’r, d'n_dn ds,  d9, d& d@j
di* dt*  di*  di? d dt dt dt

—u'sing'[dj;l _4% + s, d194j.

:+usin19(

dt dt dt
Further, according to page 102 £, if one also attributes the velocity +u' to the negative mass of
the induced element — a'e', it follows that

rﬂ = rﬂ =+4usin $—u'sin $'cos @
dt dt

rﬂ = rﬂ =—yusin $—u'sin $'cos
dt dt

r a9, = r% = —u'sin $'+usin Ycos @
dt dt

# [N. E.] Page 159 of Weber’s Werke, Vol. 3.
39 [N. E.] Page 162 f. of Weber’s Werke, Vol. 3.
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dg, _ a9,
dt dt

r = —u'sin 9'—usin $cosw,

from which it results that:
r(ﬂ_ g, ds, d&,j _ r(d,g'l L 49, d9, d19.4j o,

dt dt dt dt dt dt dt dt
however, on the other hand,
ds$ d8 d& dI,
r + + +
dt dt dt dt
r[d&"l _d¥, N g, d&,

j =—4y'sin $'cosw

=+4usin $cos @ .
dt dt dt dt

From this it follows that:

- d’r, N d’r, _dzr3 B d’r, _0
> dr* dt* ar
. afzr1 _afzr2 N afzr3 3 d2r4
> dr dt* ar
Substituting these values, it is obtained the sum of both forces, which act at the positive and
negative masses of the induced element,

] =—8uu'sin $sin $'cos @ .

= 0,
in contrast, their difference is

= —i—?aeu . ae’u'(sin gsin d'cosw —%cos&‘cos 9’] ,
or, since, according to page 104,”" cose =sin Isin 9'cos @ + cos 9cos$' and according to page
94, geu = i,
= —gi~ae'u'(cosg—§cosgcos,9'j,
r 2
which was to be proven.

Now, the force hereby determined seeks to separate from each other the positive and
negative electricities in the induced element ¢' in the direction of the straight line r. In reality,
however, this separation can only ensue in the direction of «', because in a linear conductor, a
galvanic current can only take place in the direction of the conductor. Hence, if one takes the
components of the above force in the direction of element &' and perpendicular to it, then only the
first part comes under consideration as electromotive force, and, if ¢ denotes the angle which the
element o' makes with the extended straight line 7, this term is

1

aa' | 3
= ——21(0055 —ECOSBCOS 9’) -ae'u'cos .
r

Ordinarily, by electromotive force is understood the accelerating force which the given
absolute force exerts on the electrical mass ¢' contained in the unit of length of the induced
conducting wire, which is obtained by division of the above value by e’. Finally, the electromotive
force of a constant current element at rest on a moving wire element would hence be maintained as

1

= —gi(cosg - %cos&cos 9‘) -au'cos 3.
r

1 [N. E.] Page 164 of Weber’s Werke, Vol. 3.
52 [N. E.] Page 152 of Weber’s Werke, Vol. 3.
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Now, accordingly as this expression has a positive or negative value, the inducing current is
positive or negative, where by positive currents is understood one whose positive electricity moves
in that direction of element o' which forms the angle ¢ with the extended straight line 7.

If, for example, the elements  and ' are parallel to each other, and the direction in which
the latter moves with velocity +u' is in the plane of both elements and perpendicular to them, then,
when «' distances itself from « by means of its motion,

d=0, cosd'=sin9, cose =0,
hence the electromotive force

1
= +§0;—0;isin19005219-au'.
This value is always positive, when 9 <180°, and this positive value here denotes an induced
current of the same direction as the inducing, in accord with what empirical experience has yielded
for this case.
Under the same conditions, with the mere difference that the element «' approaches the
element by means of its motion,
d=0, cosd'=-sin9, cose =0,
hence the electromotive force
'
= —igisinélcosz&au'.
2r
The negative value of this force denotes an induced current of opposite direction from the inducing
one, likewise in accord with what empirical experience has yielded for this case.

25.
Comparison with the empirical propositions in Section 11.

The experiments communicated in Sections 10 and 11 relate to the case of voltaic induction
considered in the previous Section. For quantitative determination of voltaic induction in this case,
the proposition has been set forth and empirically tested there,

that the induction by a constant current at rest in a conducting wire in motion toward it
is the same, as the induction in the same conducting wire by a magnet, if the
electrodynamic force, which that constant current would exert on that conducting wire
with a current flowing through it, were equal to the electromagnetic force, which the
magnet would exert on the wire through which the same current were flowing.

In order to empirically establish this proposition, the following experiments were made:

1. the electrodynamic force was measured, which a closed circuit 4 did exert on another
closed circuit B;

2. the closed circuit 4 was replaced with a magnet C, and the electromagnetic force which C
did exert on B was measured;

3. the closed conductor B, without current, was put into a specific motion, and the current
was measured, which was then produced by current 4 in the moving conductor by means of voltaic
induction;

4. given the same motion of the closed conductor B, the current produced by means of
magnetic induction by the magnet C, which had been substituted for the current 4 was measured.

In conformity with these four experiments, the following four laws are now to be listed for
comparison:
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1. the law of the electrodynamic action of a closed circuit on a current element;
2. the law of the electromagnetic action of a magnet on a current element;
3. the law of voltaic induction by a closed circuit in an element of a moving conductor;
4. the law of magnetic induction by a magnet in an element of a moving conductor.

1. The law of the electrodynamic action of a closed circuit on a current element.

This law is developed on page 48 in Section 3 of the footnote,” for the case where the
closed circuit delimits a plane and acts at a distance. Instead of returning to this special law, here |
shall return to the more general one which Ampére has given on page 214 of his Treatise, and
which is presented on page 36 of this Treatise.”® According to this law, the electrodynamic force
acting on the current element «' is decomposed along three right-angled coordinate axes, whose
origin lies in the center of element «', into the components X, Y, Z, which are defined as follows:

Xz—%a'(Ccosu—Bcosv)
Y=—%i'a'(Acosv—Ccosﬁ,)
Z:—%i'a'(Bcosﬂ—Acosu),

in which 4= Iydz——azdy , B= IM, C= dey;}ydx, o' denotes the length of the current
r r r

element which is acted upon, A, x, v the angle which «' forms with the three coordinate axes,
and 7 and i’ the intensities of the closed current and of the current element.

2. The law of the electrodynamic action of a magnet on a current element.

According to the fundamental law of electromagnetism, the electromagnetic force which a
mass of north or south magnetic fluid + x exerts on a current element of length «' and of current

intensity i’ at distance », when ¢ denotes the angle which «' forms with r, is represented by
i'a' using

S

in which i'\/g replaces ' according to page 48, and this force seeks to move the current

element in a direction perpendicular to &' and r. Thus from this derive the magnitude and direction
of both forces, which the two masses of north and south magnetic fluid contained in a sma/l magnet
exert on the current element. These two forces can be combined according to the law of
parallelograms, and from this results the magnitude of the resultant, when’® m' denotes the
magnetic moment and y denotes the angle which the magnetic axis makes with the straight line 7,

and ¢ the angle which direction ' makes with the direction D lying in the plane of the magnetic

>3 [N. E.] Page 86 of Weber’s Werke, Vol. 3.
>* [N. E.] Page 70 of Weber’s Werke, Vol. 3.
>> [N. E.] Page 86 of Weber’s Werke, Vol. 3.
* [N. E.] In the original it appears m instead of m'.
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axis and of line 7, and the sine of this angle with line 7 is to siny as 1 : the square root of

1:4/1+3cos’w , and finally, if for the sake of brevity, i}wll +3cos’y is denoted by d ,
r

]

=——a'mdsing .
V2

The direction of this resultant is perpendicular to the directions &' and D. If, now, one denotes by
a, b, c
the cosines of the angles which the resultant, thus determined, forms with three right-angled
coordinate axes, whose origin lies in the center of element «', and decomposes the resultant
according to the direction of the latter, then the following three components are obtained:
4
l—z-a'm'-agsing

]

—— - a'm"bd sin¢
V2

1

i - .
ﬁ -a'm'cd sing

and for a, b, c the following equations are obtained, when the angles which the direction of element
o' forms with the coordinate axes are denoted

A, 1, v,
and the cosines of the angles which the direction D forms with the same coordinate axes are
denoted

Q| o
WY

SHIESY

namely:
ad +bb +cc =0
acosA+bcosp+ccosv =0
aa+bb+cc=1

a c
—=COSA+—=CO0S U +—=COSV =COSE .
d d d

These equations, by elimination of » and ¢, yield the value of a as

g b cosv —ccos i _bcosv—ccosu

7 h c 2 dsing
l1—| =cosA+=cosu+—=cosv
d d d

and in the same way, the following values of b and c:
b ccosAd—acosv
dsing

o acos —bcosd

dsing
If these expressions are substituted into those for the three components of the electromagnetic
force, the following values are obtained for the latter:
i _ =
—ﬁa'm'(c cospu—b cosv)
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o]

_ﬁ -a'm'(@cosv —ccos )

W

—%a'm‘(gcosl—ﬁcosy).

For a large magnet, which is composed of many small ones, the three components X’, Y’, Z' of the
electromagnetic force it exerts on the current element o' are hereafter determined as follows:

X'= _ﬁ . a'(C‘cos,u ~B'cosv)
Y'= —% -a'(A4'cosv —C'cos 1)
Z'= _ L a'(B'cos A — A'cos i),

in which 4'=S(am'), B'=S(bm'), C'= S(em').”
3. The law of voltaic induction by a closed circuit in an element of a moving conductor.

The elementary law of induction developed in the previous Section, which holds for any
inducing element «, yields the following value for the electromotive force with which one such
element o seeks to separate from each other the positive and negative electrical masses in the
induced element ¢' in the direction of the straight line 7:

- gi(cosg - gcos,9cos 9‘) -au',
r 2
in which +u' denotes the velocity with which the induced element ' is moved, and & and 9' the
angles which the direction of this motion forms with the direction in which the positive electricity
flows in the inducing current element « , and with the extended straight line ». 9 denotes, as in the
theory of two constant current elements in Section 22, the angle which the direction in which the
positive electricity flows in the first element « , forms with the straight line r.

If this value for the electromotive force is compared with the value found on page 104°® for
the electrodynamic force in the theory of two constant current elements, in accordance with
Ampere's law, then the following simple relation results between the two, namely, that the former
force is obtained from the latter by multiplication with the constant factor au’/i’, provided that the
direction, in which the positive electricity flows in element ', in the latter force, were the same as
the direction in which the induced element o' itself moves, in the former force, that is

ﬁ:ﬂ's y=H, o=v,
when the angle formed by both directions with three right-angled coordinate axes are respectively
denoted

A, u,vand g, y, 0
for then the values of ¢ and 9' are equal in both expressions.

From this it is now obvious, under the presupposition made, that the values stated under (1)
for the electrodynamic force X, Y, Z also need only to be multiplied by the constant factor au'/i’, in
order to obtain the components X, Y, Z of the electromotive force which a closed circuit exerts
on the induced element ¢'. From this it follows that

" [N.E] Thatis, 4= [(a@m), B'=[(bm’) and C'= [ (&m).
% [N. E.] Page 164 of Weber’s Werke, Vol. 3.
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'

X = —%-ia'(Ccosy—Bcos@

au'

Y = _T-ia'(Acosé—Ccosﬂ)
7= —%u'-ia'(Bcos,b’— ACOS}/),

in which 4, B, C have the same signification as under (1).
4. The law of magnetic induction by a magnet in an element of a moving conductor.

From the elementary electromagnetic force, determined according to the basic law of
electromagnetism, which a mass of north or south magnetic fluid, * x, exerts on a current element

of length o' and of current intensity 7' at distance », when ¢ denotes the angle which the direction

of flow of the positive electricity in &' forms with the straight line », namely, from the active force
cited under (2), normal to the plane parallel with » and o'
+ i'a" using

V2o o
we obtain, by multiplication with the constant ku'i’, according to the basic law of magneto-
induction, the elementary electromotive force with which that magnetic mass seeks to divide the
positive and negative electricity in the induced element ', in a direction normal to the plane
parallel with » and o', when the induced element ' is moving here with the velocity « in the same
direction that the positive electricity flows there in element «'. Therefore this electromotive force
is

ka'u' using
2o

Here k denotes a constant factor independent of u', whose value, however, has thus far not been
more closely determined by any measurement.

If one denotes the angles, which in the one case the direction in which the positive
electricity in element &' is moved, in the other case the direction in which the induced element o'
itself is moved, form with three right-angled coordinate axes, as respectively

A, u,vand B, y, o,
then under the just-presupposed identity of the directions specified,
P=A,y=u,o=v.

Here too, it is obvious that, under the presupposed identity of the two directions mentioned,

the values of X', Y’, Z' stated under (2) need only be multiplied by the constant factor ku /i’ in order

to obtain the components X', Y', Z' of the electromotive force, which a whole magnet exerts on
the induced element «'. From this it follows that

=+

X'= —% -a'(C'cosy — B'cos &),
Y'= O a'(A'cosS — C'cos B)
\/E 5

7'=—2L . a'(B'cos B — A'cosy),

N

in which 4’, B, C"have the same signification as under (2).
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The relations will now be examined between the laws set forth here and the empirical
proposition mentioned in the beginning. Now, from the foregoing laws there results, when the
electrodynamic forces stand to the electromagnetic forces in the ratio 1 : n, viz., when
X r z
X Y Z
or, if for X, Y, Z, and X', Y', Z', their values found above are substituted, when
C'cosp—B'cosv  A'cosv—C'cosA  B'cosA—A'cosu i

n

= = =—'n,
Ccosp—Bcosv  Acosv—CcosA  BcosA— Acosu 2

hence
i i i
A=—-nd, B=—-nB, C'=—-nC
V2 V2 V2

the following relationship of the electromotive force obtained by means of voltaic induction and by
means of magnetic induction:

kN2 C'cosy —B'cosd _k
ai  Ccosy—Bcosd a

E_kﬁ.A'cosé—C'cosﬂ_ﬁ.n
Y ai  Acoso—-Ccos S a

Z' k\/E.B'cosﬂ—A'cos;/_ﬁ‘n

x
X

n,

Z ai  Bcosfp—Acosy a

This, finally, yields the following result:

X' X vy z7

—==—I==—!==a:k,
which is in agreement with the empirical proposition mentioned at the beginning, because the ratio
a : k is constant. That empirical proposition, however, shows us still more than the comparison of
the above laws, in that it makes this constant ratio equal to unity, by means of which the constant
factor in the fundamental law of magnetic induction, k, a factor still undetermined by any
measurement as yet, becomes equal to the constant factor @ in the fundamental electrical law.
Specifically, that would also have to take place, if there existed no magnetic fluid in the magnet,
but, in accord with Amp¢re, all the effects of the magnets were produced by electrical currents in
them.

26.
Comparison with the theorems established by Fechner and Neumann.

Fechner has been the first to attempt, by developing their intrinsic connection, an
explanation of the Faraday phenomena of induction in terms of the Ampére electrodynamic
phenomena, which Lenz previously put into relation with one another merely by means of an
empirical rule; Fechner has published the explanation in Poggendorff’s Annalen, 1845, Vol. LXIV,
page 337. In so doing, Fechner has confined himself to that form of voltaic induction, with which
the foregoing Section dealt, namely, to that by a constant current at rest in a conducting wire
moving toward it. For this form of voltaic induction, Fechner has actually succeeded in discovering
its intrinsic connection with Ampere's electrodynamic phenomena, and in basing an explanation of
it on a somewhat more generalized form of Ampére's law which holds for the latter phenomena. —
That intrinsic connection consists essentially in the fact that, with regard to that induction, apart
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from the current first elicited by the induction, one is dealing, just as in the Ampere phenomena,
with reciprocal actions of electrical currents, hence the explanation of both kinds of phenomena
would have to rest on the laws of these reciprocal actions. The electricity in the induced conducting
wire, Fechner says specifically, would also begin to flow, as soon as this conducting wire were
moved, specifically because it participates in the motion of its carrier. The electrical currents in
such induced conducting wires are only differentiated from the galvanic currents in the inducing
wires in that equal masses of positive and negative electricity move simultaneously with the same
velocity in opposite directions in the latter, in the same directions in the former. — The
generalization which Fechner has given to Ampere's law, consists first in the fact that the force
which, according to Ampeére, acts on the ponderable carrier, would originally act with the same
strength and in the same direction on the electrical masses located in the carrier, and would first be
communicated from them to the carrier; secondly, in the fact that Ampere's law does not merely
hold for the total action of a galvanic current on another, but also for the two partial actions, which
the first current would exert on the positive and negative electricity of the second.

This explanation accords with the theory of this induction developed in the previous
Section; for one finds there the justification of the right to generalize Ampere's law, on which that
explanation is founded. This can be proven, if one considers in particular the two forces acting on
the positive or negative electricity, as stated on page 99,” where one finds that Ampére's law holds
not merely for all four forces, but also for any two of them.

Moreover, Fechner himself has already remarked that the standpoint from which he has
interpreted the connection of Faraday's induction phenomena with the Ampere electrodynamic
phenomena is not so general that it could be extended over all of Faraday's induction phenomena.
As soon as the induced wire is at rest, the induction phenomena cannot be grasped from this
standpoint, because then the motion of electricity in the induced wire is out of the question. On this
point, Fechner says, loc. cit., page 341: “In the induction experiments, instead of moving the
(neutral) wire a'b’ away from the (excited) wire at rest, one could do the opposite, and the induction
would always still occur. This must be accepted as an empirical datum, for proving that what
matters here is simply the relation of the motions, and that it is permissible to substitute the
converse for motion of the excited wire and rest in the neutral wire, in order to be able to apply the
principle in the stated form.”

Neumann has based his investigation on the empirical rule by which Lenz linked the
Faraday induction phenomena to the Ampére electrodynamic phenomena, and has found a
supplement to it in the proposition, that the strength of the induction is proportional to the velocity
of the motion of the induced wire, when the induction was elicited by a motion of the latter. These
two empirical rules complement each other in such a way, that Neumann has been able to derive
from them the general laws of induced currents, since the laws immediately following from them
for the case in which the induction is elicited by a motion of the induced conductor, are of the kind
that can immediately find application in wider domains without undergoing modification, and can
be extended to all forms of induction. These general laws of induced currents admit of virtually no
doubt, with respect to their intrinsic connection or also to the empirical rules implied in them, and
for that reason it is interesting to compare the results of the theory developed above with these laws
which Neumann derived in completely different ways.

Since Neumann's Treatise, submitted to the konigliche Akademie der Wissenschaften in
Berlin, has not yet been printed, I can only refer to the excerpt just now appearing in Poggendorff’s
Annalen, in this year's first issue, from which I take the following passage:

“§ 1. From Lenz's theorem that the action which the inducing current or magnet exerts on
the induced conductor, always produces, when the induction is elicited by a motion of the latter, an

%9 [N. E.] Page 158 of Weber’s Werke, Vol. 3.
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inhibiting influence on this motion, conjointly with the theorem that the strength of the
momentary induction is proportional to the velocity of this motion, is derived the general law of
linear induction:

Eds = —evCds .

Here ds signifies an element of the inducing wire, and Eds the electromotive force induced in the
element ds; v is the velocity, with which ds is moved, C is the action of the inductor on ds, resolved
according to the direction in which ds is moved, this element being thought of as having the unit of
current flowing through it. The magnitude ¢, independent of the nature of the induced conductor,
can be treated as a constant in the case of linear induction, but is a function of time, such that it
very quickly decreases, when its argument has an appreciable value, and be treated as such in the
case of surface induction and of induction in bodies.”

From the theory developed above, has resulted the following expression, at the end of
Section 24, for the electromotor force induced in element «', in which u’ denotes the velocity with
which ' is moved:

aa'. 3
——zz(cosg—Ecosgcos&l'j-au'cosw.
r
This expression was the value, resolved in the direction of element «', of the total
separating force exerted by the inductor « in the direction of the connecting straight line 7, from

which, by elimination of the factor cos¢, the total force is once more obtained. In Section 25 (3),

this total force is compared with the electrodynamic force, determined by Ampere's law, which the
inductor @ would exert on element «', when «' were parallel to the direction in which the
element o' were moved for purposes of induction, and through which a current flowed in this
direction, whose intensity were = i'. Namely, one obtains that total electromotive force exerted in
the direction of the connecting straight line » by multiplying this electrodynamic force by the factor
au'/i’. The above expression itself is obtained by multiplying the same force, resolved in the
direction of the induced element «', by the factor au'/i". If, therefore, this electrodynamic force,
resolved in the direction of the induced element «', is denoted
i'aD,
then the above expression is to be made
=—au'Da'.
Here, u'and «' are to be written v and ds, in accordance with Neumann's notation; hence the theory
developed above, yields the equation, in this notation:
Eds =—avDds ,
in which a denotes a constant factor independent of the nature of the induced conductor, like ¢ in
Neumann's equation, because here it is a matter of linear induction. Both equations are thus in
agreement with each other up to the factors C and D. These factors also have in common their
ability, multiplied by ds, to express the electrodynamic force, resolved in a definite direction, which
the inductor would exert on an element ds, thought of as located in the place through which the
induced unit of current flows. Yet the two factors are differentiated from one another 1. by the
direction, which the element ds, thought of as at the point of induction, would be given, and 2.
through the direction in which the electrodynamic force exerted on this element is to be resolved.
Specifically, these two directions are exchanged in Neumann's law.

Neumann's law would, as can be seen from this, contradict ours, if one wanted to apply it to
an individual current element as inductor, because factors C and D would then have entirely
different values. It is obvious, however, that Neumann's law, in accordance with its derivation,
holds first of all not for that individual inducing current element, but only for a closed circuit or for
a magnet as inductor, specifically because Lenz's theorem, from which it is derived, can, being
experimentally based, hold merely for closed circuits and magnets. That apparent contradiction
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now automatically dissolves, as soon as the application of Neumann's law is confined to closed
circuits, interchangeable with magnets, as inductors, in which case the identity of factors C and D
can then be proven in the following way.

According to Ampere, the three components X, Y, Z of that force which a closed circuit of
intensity i, for which the position of the elements is defined by the coordinates x, y, z, exerts on any
other current element ds’ of current intensity i’, whose direction makes the angles 4, x, v with the
coordinate axes, when the origin of the coordinates lies in the center of the element ds’, are

X——%zz ds' (cos,u J.M cosv-IMj

r
Y= —lii'ds'(cosv . J~ydz——32dy —COSA- IMJ
2 r

7 =- lzzds(cos/i IM s,u~.|.ydz—_32dyj.
2 r

From this the values for the factors C and D can now be derived for closed circuits as inductors.

For, first, factor C in Neumann's law is obtained, if X, ¥, Z, denote the values taken on
by X, Y, Z when we make i"= / and A, u, v are the angles which the induced element forms with
the coordinate axes. Namely, if , £, y are the angles which the direction in which the induced
element is moved, forms with the three coordinate axes, then

Cds'= X, cosa+Y cos S+ Z cosy .
This expression is simplified, if a coordinate system is chosen in which the direction of the x axis
coincides with the direction in which the induced element is moved. Namely, then
cosa=1,cosf=0, cosy =0,

hence
7"3

Secondly, factor D is obtained, if the values assumed by X, Y, Z are denoted X', Y', Z',
when we make i' = I, and A=a', u=p', v=y', where a', f', y' are the angles which the
direction in which the induced element is moved, forms with the three coordinate axes (which
would thus be identical with «, £, y, if the same coordinate system were chosen). Namely, if,
according to the present coordinate system, A', u', v' are the angles which the induced element
forms with the three coordinate axes (which would thus be identical with A, x, v, if the present
coordinate system were identical with the former one), then:

Dds'= X'cos A'+Y'cos u'+Z'cosv'.

This expression is simplified, if one chooses a different coordinate system, as earlier, namely, one

in which the direction of the x-axis coincides with the direction of the induced element itself,
because then

Cds'= X, = —Ezds (cos,u.[—xaly ydx cosv.[—de — xdzj‘

cosA'=1, cosu'=0, cosv'=0
hence:

3
r

'
Dds'= X'= ——zds [cosﬂ IM cosy'jmj.
2
Now the two coordinate systems, namely, that in which the x-axis is parallel to the direction
in which the induced element is moved, and that in which the x-axis is parallel to the direction of the
induced element itself, can have in common the y-axis, if it is normal to both directions, that of the

induced element and its motion. Assuming this, it will be the case that
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cosu=0, cosff'=0, cosv=cosy',
and since, moreover, it can be proven that
J- zdx — xdz
7"3
would have an equal value according to both coordinate systems, then
C=D,

which was to be proven. That zdx - xdz would have the same value for all right-angled coordinate
systems in which, as in the two above, the origin coincides with the y-axis, is evident from the fact

1 . . o
that E(za’x - xdz) represents the area projected on a plane normal to the common axis y, which is

formed by the common coordinate-origin, and by the current element in question. The straight line
r, which connects the current element in question with the induced element, has a value altogether
independent of the coordinate system chosen. From this it results that the value of the quotient

(zdx— xdz)/ r* for the two coordinate systems employed above is always the same, hence also is

[equal] the value of the integral extended over the entire closed circuit IM

7"3

It follows from this that Neumann's law for the domain of phenomena to which, in virtue of
its derivation, it refers, namely, where all inductors are either magnets or closed circuits, concurs
with the law derived from the theory developed above, but that the application of Neumann's law
outside that domain to non-closed circuits as inductors is not permitted.

27.

Law of excitation of a current in a conductor at rest, when a constant current element approaches
or withdraws from it.

The law of voltaic induction for this case, where the induced conductor is at rest, and the
inducing current element is in motion, can be derived just as it was for the first case, from the
established fundamental electrical law. It is, however, not necessary to give this derivation, because
a simple consideration shows that, for the second case, it would have to lead back to the same law
as for the first.

Namely, the fundamental electrical law, from which all laws of voltaic induction are to be
derived, makes the action of one electrical mass on another dependent merely upon their relative
distance, velocity, and acceleration. These, however, remain unchanged by a common motion
attributed to both masses; hence, the action of one electrical mass on another is also not changed by
such a common motion. Consequently, such a common motion can be attributed to all electrical
masses without changing their actions, hence also without changing the induction dependent upon
them. Therefore, if one has an inducing current element « , which is in motion with the absolute
velocity #' in any direction, while the induced element «' is at absolute rest, then, without
changing the induction, one can attribute to both elements, along with the electrical masses
contained in them, a common motion of velocity u' in that direction which is diametrically opposite
to the direction in which current element ¢ actually is in motion. By adding this common motion,
the inducing element « is brought to rest, while now the induced element o' moves with the same
velocity, but in the opposite direction, as the current element is actually moving. Therefore, from
the established fundamental law, the same induction must result for the same relative motion of
both elements, independently of whether, during this relative motion, one or the other or neither of
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the two elements is at absolute rest. As is well known, empirical experience accords with this
result.

28.

Law of excitation of a current in a conductor by changing the current intensity in an adjacent
conductor.

If ¢ and o' denote the lengths of the inducing and induced elements, then in two elements

four electrical masses can be further distinguished:
+ae, —ae, +a'e', —a'e'.

The first of these masses + ae would move with the variable velocity u in the direction of the
element at rest «, which makes the angle ¢ with the straight line drawn from o to «', and du
would denote the change in u during time-element df; the second, —ae, would move, in
accordance with the determinations relating to a galvanic current, in the same direction with
velocity —u, viz. backwards, and —du would denote the change in this velocity during time-
element dt; the third, + a'e', would move with constant velocity +u' in the direction of the element
at rest o', which makes the angle 9' with the straight line drawn and elongated from a to a'; the
fourth, —a'e', would, finally, move, again according to the determinations relating to a galvanic
current, in the same direction with velocity —u', viz., backwards. The distances of the first two
masses from the second two are themselves all the same at the moment in question as distance r
between the two elements o and «'; since, however, they do not remain equal, they are to be
denoted 1, r,, 1y, 7,.

For the sum of the forces which are acting on the positive and negative electricity in element

a', 1.e., for the force, which moves element &' itself, one obtains the same expression as in Section
24, namely:

a ae-a'e|(drP dr; dr} dr] d’r, d’v, d’n, dr
-— L+ 2z Dp + - - .
dt*  dt* dt* dr dt* dt* dr* dr
However, for the difference of those forces, on which the induction depends,
a’ ae-a'e {( di’ dr} dr} dr]) 27{0'2’”1 _d’n N dn _d’r, } _

dr* d’* d’ dt’ a* dr* dt* dr
Further, the same values hold here for the first differential coefficients as were found in Section 22,
namely:

ﬁ = _% =-ucos$+u'cosd,
dt dt
% = _% =—ucos$—u'cosd'.
dt dt

Hence

— == ——J = —8uu'cosdcos I,

dt* dt* dt* dr
Since the velocity u is now variable, however, there result values for the second differential
coefficients other than those in Section 22, where it was constant, namely:
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2 1
4 Zl =+usin3~ﬁ—u'sinS"ﬂ—cos&%,
dt dt dt dt
2 \
4 ’;2 :—usinB-&+u'Sinl9'-&+0089-%,
dt dt dt dt
2 '
4 ? =+usin 4- 44 +u'sin3'-%—cosg-ﬂ,
dt dt dt dt
2 1
4 ,;4 =-usin $- dé, —u'sin&"-ﬁ+cosl9-ﬂ.
dt dt dt dt

Therefore, there results for
(wn+f5_d%_d%J:me%?&_d%_d%+d&j
t

dt*  dt*  di*  di? dt dt dt

_wmng{dgl_d92+d33_d94j

dt dt dt dt
the same value as in Section 22, namely, when one substitutes the values of d /dt, d$' /dt, and
so forth, developed there on page 102,%

d’n d’r, d’n, d’r. Qg
,{ L —2—— 2 ——2 = —8uu'sinIsin Fcosw.

e dt* dtt dr
On the other hand,
2 2 2 2
(dn dg+dq_dnjzﬂwm%ﬁj+d%+d&+d&j

et dt drt d d dt dt

—4cos,9-ﬂ.
dt

dt dt dt dt
Since, however, according to page 102,°' the values
d$ d¥, d9, d8, d9, d¥, d9, d,
+ = + = + = +
dt dt dt dt dt dt dt dt

_Wﬁng(d31+d32_d93 d94j

=0

then

d’r, dr, d’r, d°r du
F——F +—> ——— |[=—4cos9-—.
dt dt dt dt dt
If these values are substituted, one obtains the sum of the forces acting on the positive and
negative electricity in element «', as [in] Section 22

1

aa ) ) 1
=——aeu- ae’u'(sm&‘sm F'cosw— Ecos&cos 9’} ,
B

viz., the force acting on element ' is, when the current intensity is variable, determined just as it is
when the current is constant, and Ampere's law is applicable to variable currents as well.

The difference between those two forces acting on the positive and negative electricity in
element &', on which the induction depends, results, on the other hand, as

1
__1ad eecosg. It ,
2 r dt

or, since according to page 94,62 aeu = i, hence u is variable, and ae-du =di,

59 [N. E.] Page 162 of Weber’s Werke, Vol. 3.
1 [N. E.] Page 162 of Weber’s Werke, Vol. 3.
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1 aa' di
=————-ae"cosY-—.
r dt

The force determined in this way tries to separate the positive and negative electricities in
the induced element ' in the direction of the straight line . But in this direction the separation can
not succeed, it can only happen in the direction of the induced element &' itself, which forms the
angle 4' with the extended straight line ». Decomposing then this total force, which tries to
separate both electricities in ', along this direction, that is, multiplying the difference above with
cos¥', we obtain the force which produces the real separation,

1 aa' di
=———.qge"-cosdcos I —.

r dt
If this value is divided by e’, there results the electromotor force, in the ordinary sense, exerted by
the inducing element  on the induced element «' (see Section 24, page 109):%

a aa' di
=——-——-cosdcosF—.
dt

B
The induction during the time element d¢, viz., the product of this time element with the acting
electromotive force, is therefore

aa .
=——.-——.cosdcos3di,
-

hence the induction for any period of time, in which the intensity of the inducing current increases
to i, while r, ¥ and $' remain unchanged,

a aao'.
=——.——jcosdcosI.

r
The positive value of this expression denotes an induced current in element «' in the direction of
o', which makes the angle ' with the extended straight line r; the negative value denotes an
induced current of opposite direction.

If both elements ¢ and «' are parallel to each other, and 9 =9', the above expression has
a negative value for increasing current intensity, or for a positive value of 7, viz. when the current
intensity increases in «, a current in the opposite direction from the inducing current is excited in
a'. The reverse takes place when the current intensity decreases. Both results agree with known
facts. The proportionality of the induction to the change in intensity i of the inducing current also
corresponds to empirical experience, to the degree that estimates suffice without precise
measurement.

1

29.

Comparison of induction effects of constant currents on a moving conductor with those of variable
currents on conductors at rest.

In the previous Section, the laws of voltaic induction have been derived from the
fundamental electrical law, in agreement with empirical experience, not only for the case where the
voltaic induction is elicited by constant currents in moving conductors, but also for the case, where
it is elicited by variable currents in conductors at rest. The laws of induction for these two cases are
very different, and on that account it is very interesting, that nevertheless they yield very simple
relationships between the effects of both inductions.

62 [N. E.] Page 152 of Weber’s Werke, Vol. 3.
63 [N. E.] Page 170 of Weber’s Werke, Vol. 3.
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One such simple relationship between the induction effect of constant currents on a
moving conductor and the induction effect of variable currents on a conductor at rest, results from
the laws already developed in Sections 24 and 28 for individual inducing and induced elements,
when the motion of the induced element occurs, in the first case, in the direction of the straight line
r. For if one calculates under this assumption the total induction effect, which a current element of
constant intensity i elicits, while the induced element is withdrawn from a given position infinitely
far in the direction of the straight line 7, or, from an infinite distance, approaches that position, then
one finds that this total induction effect is equal to that which the inducing element would elicit, if
its current intensity were to decrease or increase by i, in the induced element, if it continued in the
given position. Therefore this yields the rule, for this special case, to begin with, that, by means of
the appearance or disappearance of a current in the proximity of a conductor, the same current
would be induced in this conductor, as if that current would have uniformly persisted, but were
either transferred from a great distance into that proximity to the conductor, or, conversely,
transferred from that proximity to a great distance.

For the cited special case, this theorem easily results, as follows. The expression found at
the end of Section 24 for the electromotor force is to be multiplied by the time element dt, in order
to obtain the induction effect corresponding to this time element dt, or corresponding to the element
of displacement u'dt traversed during this time element. The value of the integral of this product
between definite time or displacement limits then yields the total induction effect corresponding to
the time interval or to the displacement traversed in that time interval

1

= —aijoi—?(cosg —%cos&‘cos&"jcosq) -u'dt .

In our case, where the motion occurs in the straight line 7, now
u'dt =dr,and cos9'=1.
According to Section 24, cos & = sin Jsin ' cosw + cosFcosJ', therefore here:
cos& =cosY.
Since, finally, the angles ¢ and ¢ have constant values during the motion in the direction of

straight line » of the element ' constantly parallel to itself, that induction effect is
L (4
=+ 5 aa'cos Jcos @ -[rz .

The value of this integral between the limits » = r to » =0, viz. the induction effect, while the
induced element is infinitely distant from a given position, is
ai o
=+———cosdcos@;
r
between the limits » = to r = r, viz. the induction effect, while the induced element, from an
infinite distance, reaches a given position, is, on the contrary,
ai aa'
=————C08JCcosQ.
-

If it is taken into consideration that ¢ denotes here, in accordance with Section 24, the same angle

which is &' in Section 28, namely, the angle which the induced element o' makes with the
prolonged straight line 7, then it is seen that the induction effect is equal to that which, according to
the law given in Section 28, is obtained when the induced element «' persists in the given position,
and the current intensity 7 in the inducing element o vanishes or arises.

The relation found for both induction effects can be expressed more generally, not, of
course, for individual elements, but for closed currents and conductors. The case may first of all be
considered, where all elements of the induced closed conductor have the same, parallel, motion.

The induction effect of current element o on the induced element «' is, as before,

'
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'

= —ai.[oi—?(cosg —%cos&cos&'}cosw-u'dt.

If § and B' now denote the angle, which the two elements « and o' make with the plane
produced by the straight line » by the motion of the element «', and further, if » and »' denote the
angle, which the projections of @ and «' make in the plane with the direction of the motion, then
cos 3 = cos ffcos(9'-y),
COS @ = COS ,B'cos(&'—y'),
cosg =cosffcosy.

The projection of the displacement element u'df on the straight line » yields the value of dr for the
time-element dft,

dr =u'dt-cos§' or u'dt =secd"dr .
If these values are substituted, the induction effect of ¢ on o' becomes
= —I aiao'cos ffcos ﬂ'(cos ysec 19'—% cos(&"—y)j cos($—7")- d—; ,
-

or, when cos(#~y) and cos(#~y') are developed,
ai
= +?J.aa'cosﬂcosﬂ'~dR ,
in which, for the sake of brevity, the following expression is denoted by dR:
. : . . dr
(cos ycosy'—2cos ysin y'tan $'-3 cos(;/ + ;/')sm2 9'+3 sm(y + y')sm d'cos 9’)- — .
r
If it is taken into consideration, that in the like and parallel motion of all elements, each of them is
displaced parallel with itself, hence the angles S, ', y, y' are constant, and if one makes
. b P’ —b’ b
sind'=—, cos¥=—, tan9'= ——,
r r NrE=b?
in which b denotes the perpendicular from o to the path of induced element «', then the
integration can be carried out, and the following expression is obtained as an indefinite integral:
ai ao' ai ao' .
- E—COSBCOSQJ - ?—cosﬂcosﬂ'sm(y'—y)cot 9.
r r

The sought-for induction effect is the definite integral or the difference between the two values,
which the expression receives, when the two limiting values for r, 9, ¢, and ' are substituted in
it.

If the same expression as that for elements & and o' is formed for al/l combinations of
inducing and induced elements, which are contained in the closed circuit and conductor, and if the
summation of all of them is denoted

ai . ao' ai
——S———cosJcosp ——S
r 2
then the induction effect of the closed circuit on the closed conductor is equal to the difference
between the two values, which this summation receives, when the values for r, 8, ¢ and ',
corresponding to those at the beginning and end of the induction, are substituted in it.

Now, the above summation consists of two terms, and it will be proven, that the /atter term
is null for all values of » and 4'. Then the induction effect of a closed circuit on a closed conductor
reduces itself to the difference between the two values, which the first term of the above summation
assumes, when the values for r, ¢, ¢, corresponding to the beginning and end of the induction are
substituted in it.

o cos fcos ﬂ'sin(y'—y)cot g,
-
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That the latter term of the above summation is, namely,

- %S L cos 3 cos f'sin(y'—y )cot I'= 0
r

can easily be proven, if one analyzes the inducing and induced elements according to the law that,
for determining the interaction of two elements, for any one of them, three others can be put in,
which form the three edges of a parallelepiped, whose diagonal is taken up by the given elements.
On this theorem, see Section 31 below.

Accordingly, if the elements « and o' are each decomposed into three elements, of which
the first would be parallel to the direction of the motion, the second perpendicular to r, in the plane
produced by » when «' is in motion, the third perpendicular to the two others, and if they are
denoted

a, a,,a, and o', a,,al,
then [aa'/ r]‘cos S cos ,B‘sin(y'—}/)cotg' becomes a summation of 9 terms. For the two terms
proportional to a,a', and to a,a',, the factor is cos # = 0; for the two terms proportional to ¢,a',

'

and to a,a'y, the factor is cos'=0; for the term proportional to a,a', the two factors are

cos 3 = cos #'=0; finally, for the 6th and 7™ terms, which are proportional to a,a', and to a,a',,
the factor is sin(y'—y) = 0. Hence there remain only two more terms, namely, those proportional to
a,a', and to a,a',, for which cos # =1, cos f'=1, sin(y'~y)=Fcos$'; these two terms are thus:
ai a0 ai a,a'
+—- A= 2cosP'cotd and i;-#cosg'cot@,

r r
and for the sake of brevity, may be denoted 4 and B. If one now proceeds in like manner with each
two elements of the closed circuit and conductor, then one finds that, among the remaining terms
formed in just this way, two terms exist, by which 4 and B are cancelled, and which are to be
denoted 4" and B'. If this holds true in general, then it follows that

- %S o cos S cos f'sin(y'—y )cot I'= 0,
r

which was to be proven.

Now, the element 4, by which 4 was cancelled, is found in the following way. Through the
center of the inducing element « as apex, let two cones be put, whose common axis would be
parallel to the direction of motion, i.e., to ¢, . Let these two cones delimit the induced element o'.
It is evident, that at least a second element &' of the closed circuit would still have to be delimited.
And specifically, a current, which goes into «' from the outer cone to the inner, must go into &'
conversely from the inner to the outer. The value of 9' is the same for both elements. If one now
decomposes the second element &' in just the same way as the first «', and denotes as &', that
lateral element which, perpendicular to the ' connecting &' with «, lies in the plane produced by
r' by the motion of &', then the term proportional to ¢,&', will be the term 4’, by means of which
A is cancelled. However,

—_ai aa'
A'= +?‘—'2 -cos$F'cotd,
-

and a',: ', are in the ratio of their distances from the common apex of the two cones, 1.e., the ratio
r:r', hence

! 1

2,_2,

r' r

If these values are substituted, then
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_aia,d
A=FL A% o5 9cot ,
2 r
and is, irrespective of the sign, equal to the value of 4. From the opposite direction in which, as

stated above, the elements o' and &', or &', and &@',, have the same current flowing through
them, it can be easily recognized, that if in 4, sin(y'—y)z Fcosd, and in A4', sin(y/'—y)z +cosd,
that therefore the values of 4 and A’ always have opposite signs; hence the two cancel each other
out.

It can occur, that in addition to ' and &', yet a third element of the conductor is defined
by the same cones; then, however, there must necessarily exist, if the conductor is closed, yet a
fourth as well, and the same is true of the third and fourth as of the first and second, and so forth.

In a similar way, B’, which cancels B, is found, when the center of the induced element o'
is made the apex of two cones, whose common axis is parallel to the direction of the motion, and
which delimit the inducing element « . The same cones then delimit, from the closed inductor, yet a
second element, from whose decomposition B’ results, as A’ did previously from the
decomposition/analysis of elementa .

From the mutual cancellation of all terms denoted 4, A', B, B’, and so forth, it now follows
that for closed currents and conductors, the equation is valid:

— %S ﬂcos[)’cos ﬂ'sin(}/'—y)cot 3'=0.
r

Now, from this it follows, first, when a closed conductor with all its parts is moved identically and
parallel always in the same direction, the induction effect is
ai ., ad' ai ,aa'
=—S——cos ¥, cosp, ——S——cos G cosg,,
2 2 n
in which the values of r, 9, ¢ are denoted 1, §,, ¢, for the beginning of the induction, and 7,

9, ¢, for the end. If one makes 7 =00, viz. the closed conductor, from a given position, is

removed infinitely far distant from the inducing current, then the total induction effect elicited
thereby is

. '
:ﬂsﬂcosélo cos @, ,
2

the same, which results, according to the preceding Section, for the same inducing current
conductor and for the same induced conductor, when they persist in their initial mutual positions
and the current i vanishes in the former.

Secondly, when a closed conductor with all its parts is only slightly displaced identically
and parallel in any definite direction, and then displaced again in a somewhat changed direction,

and so forth, and when the values of r, 9, ¢ are denoted 7,, 3,, ¢, at the start of the induction, at
the end of the first or beginning of the second displacement are denoted 7, 4, ¢,, at the end of the

second or beginning of the third displacement r,, ,, ¢,, and so forth, it follows that the total
induction effect is

1 '

ai ,aa ai . aa
=+—S——cos Y, cosp, ——S——cos Y cos,
2 i A
ai L aad' ai . aa'
+—S——cos§ cosp, ——S——cos 4 cos @,
2 n

+ and so forth.
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If , 8, ¢, denote the values of , 9, ¢ at the end of all these motions effected successively

in different directions, then, because all terms with the exception of the first and last cancel each
other out, the indicated value of the total induction effect reduces itself to

ai ,aa' ai ,aa'
?STCOSSOCOSQDO——S—COSSnCOSQDn,
0

n

from which one sees, when r, = oo, that the induction effect is the same, when a closed conductor is

removed, from a given position with respect to a closed current, infinitely far from the inducing
current through an arbitrarily curved trajectory, but in such a way that all parts always remain
parallel to each other, as if the same thing would occur through a straight trajectory, or as if the
closed conductor would persist in its original position and the current i in the inducing conductor
would vanish, namely

=ﬂsﬂcos,90 cos @, .
Ty

If, thirdly and finally, the closed conductor moves with complete arbitrariness, then the
motion of any one of its elements at any moment can be resolved into a rotation around its center,
and into a parallel displacement of the whole element. The induction effect of the rotation of an
element around its center is = 0, because » remains unchanged thereby, hence dr = (. The
displacement of each element can be decomposed into three displacements in the directions of three
coordinate axes. For the parallel displacement of all elements of the closed conductor in any of
these directions, then,

Sﬂcosﬂcos ,B'sin()/'—y)cos 3'=0,
r

from which it can easily be seen that even in arbitrary motion of the closed conductor, it follows
that the induction effect

ai ,aa' ai ,aa'
=—Sr—cosl9000$(po——S—coanCOS(p”
0

n

in which 7, 8,, ¢, and r,, 3, ¢, denote the values of r, 9, ¢ at the beginning and end of the

induction.

The relationship discussed here between the induction effect of a closed constant current on
a closed conductor in motion, and between the induction effect of a closed variable current on a
closed conductor at rest, has already been presented with greater generality by Neumann, loc. cit.
Namely, Neumann bases on the empirical foundation cited in Section 26, the conclusion that the
total induction effect corresponding to the transference of the induced conductor from one position
to another, is independent of the intermediate positions, which it passes through, and merely
depends upon the difference in the potential values of the inductor at the start and end of the
trajectory. After Neumann has stated this theorem for the induction effect of constant currents on
moving conductors, he continues on page 39, loc. cit.: “From the independence of the induced
electromotor force from the motion per se, it is inferred, that any cause, which elicits a change in
the value of the potential of a closed current with respect to a closed conductor, induces a current,
whose electromotor force is expressed by means of the change which the potential has undergone.”
With the help of this theorem, Neumann has reduced the determination of the second kind of
voltaic induction, namely, that of a variable current on a conductor at rest, to that of the first kind,
namely, of a constant current on a conductor in motion. The above-mentioned relationship between
both induction effects follows self-evidently. The final basis of all these relationships can now be
directly proven according to the above, in the fundamental electrical law, according to which every
two electrical masses act on each other at a distance.
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30.
General Law of Volta-induction.

After considering the two main cases of voltaic induction, namely, where either the current
is constant, but the conductor is in motion, or where the current is variable, but the conductor is
unmoved, the general law of determination of the effects of arbitrarily moving currents through
which a current passes according to the laws of galvanism can easily be developed.

a and o' denote once again the lengths of two elements, of which the first, «, is assumed
to be at rest. In accordance with Section 27, this assumption does not restrict the generality of the
treatment, because each motion of element & can be carried over to «', by attributing to it the
opposite direction in «'. In these two elements, as earlier, the following four electrical masses are
distinguished:

+ae, —ae, +a'e, —a'e'.
The first of these masses, + ae, would move with velocity +u in the direction of the element at rest
o, which makes the angle ¢ with the straight line drawn from «a to «'. This velocity would
change during time-element dt by +du. The second mass—ae, in conformity with the
determinations given for a galvanic current, would move in the same direction, with velocity —u,
viz., backwards, and this velocity would change during time-element df by —du . The third mass
+ a'e' would move with velocity +u' in the direction of element «', which makes the angle '
with the straight line drawn and extended from « to «'. This velocity changes in time-element df
by +du'. However, this electrical mass also shares the motion of element &' itself, which occurs
with velocity v in a direction which makes the angle 7 with the straight line drawn and extended

from o to o', and is contained in a plane laid through this straight line, which forms the angle
with the plane laid through the same straight line parallel to element« . Velocity v would change
during the time-element dt by dv. The fourth mass —«a'e' would move, in conformity with the
determinations for a galvanic current, in the same direction as element &' with velocity -u’, which
changes in time-element df by -du'; additionally, however, it would share with the preceding mass
the velocity v of element «' itself in the already signified direction. The distances of the two
former masses from the two latter ones are all, at the moment in question, equal to the distance » of
the two elements themselves; however, since they do not remain equal, they are to be denoted 7,
r,, 1, 1,. If two planes are laid through the straight line drawn from a to o', the one parallel to
a , the other with ', then @ denotes the angle formed by these two planes.

For the sum of the forces which act on the positive and negative electricity in elementa',

that is, for the force, which moves element «' itself, one then obtains the same expression as in
Section 24, namely:

a’ ae-a'e|(dr’ dr, dr} dr]
T e T T e | T p p 2
16 r dt dt* dt” dt dt dt dt dt
for the difference of those forces, however, on which induction depends,
@ aeael(ad a7 di g\ (& & dn d
16 7 e d* dr’ dr e’ dt* dt*  dr
Further, when, along with the motion of the electrical masses in their conductors, one also takes
into calculation the motion they share with their conductors, the first differential coefficients are
found in the way presented in Section 22, by adding to the values found there the velocity of
element ', resolved in the direction of straight line . One then obtains:

afzr1 +d2r2 _a’zr3 d2r4 }
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dr,
—L =—ucos3+u'cosF+vcosn
dt
dr.
—2 =+ucos P —u'cos F+vcosn
dt
dr.
— =—ucos9—u'cosd+vcosn
t

dr.
—+ =+ucos3+u'cosF+vcosn.

Therefore:

2 2 2 2
(fl’;‘z + Zzz - ?;2 - Z’%j = —8uu'cos Jcos I,

dr’ dr] dr}  dr}
L——2+———% | =—8uvcosJcosn .

dt© dt© dt” dt
The second differential coefficient is obtained as in Section 22, when, in addition, the variability of
velocities u, u', v is considered, namely:

2 ' '
d Zl =+usinl§l~ﬁ—u'siné‘"ﬁ—vsini]%—cosSﬂ+cosl9'd—u+c0577ﬂ
t dt dt dt
2 ' '
d ’;2 =—usin&‘-ﬁ+u'sin19'-&—vsin77%+cos&l@—cosﬁ'd—u+00577ﬂ
dt dt dt dt dt t dt
2 [ '
d ’;3 :+usin9-ﬁ+u'sin19'-%—vsin77%—cosgﬁ—cosg'd—u+cosn—v
dt dt dt
2 " '
d ’;4 =—usin g- s, —u'sin&"-ﬁ—vsinn%+c053%+cosl9'd—u+cos77@.
dt dt dt dt
Hence
2 2 2 2
d§+d7;2_d1;3_d1;4 :+usin19[d191_d192_d193+d194j
dt dt dt dt t dt dt dt
—u'sinlg'[dlgvl _4d, n gy _ d19'4j—vsin77[d771 " dn, dn; _ d774j
dt dt dt dt dt dt dt dt
and
2 2 2 2
d;zq_d1;2+d;2f3_dz;4 :+usin3(d.91+dl92+dl93+dl94j
dt dt dt dt dt dt dt dt
—u'sing'(dlgvl n a4, dJ; d‘9'4j_vsinﬂ(d771 _dn, n dmn, _ d’74j
dt dt dt dt dt dt dt dt
—4cos,9~%.

dt
For the determination of the differential coefficients d$ /dt, d9'/dt, dn,/dt, and so forth, one

now proceeds as on page 100 ff.* or as in the footnote on page 102.°° Namely, the resulting

changes in the direction of straight line 7,

64 [N. E.] Page 159 ff. of Weber’s Werke, Vol. 3.
55 [N. E.] Page 162 of Weber’s Werke, Vol. 3.
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in the plane of angle 9=+ udt, sin 9
4l

in the plane of angle $'= _wdr, sin ¢

Ul

in the plane of angle 7 = _vdt sin7 .
1
If one now draws lines parallel to line r, and with the directionalities of velocities u, u' and v,
through the center of a sphere, which cut the surface (Figure 21) at R, U, U’, and V, and connects R
with U, U’ and V through the greatest arcs, then the plane containing the arc UR =9, forms the
angle designated @, with the plane of the arc U'R = 9', and forms the angle designated X with the
plane of the arc VR =17 .

Fig. 21.

Let the arc UR be extended to S, U'R to S’, and VR to T, and let
RS = +u—dtsin,9 , RS'= —u—dtsing' , RT = —v—dtsim] .
Ul 4l 4l
The element of the sphere's surface in which R, S, S’ and T lie, can now, as on page 102,66 be
considered as an element of the plane touching the sphere at R, and the arc elements RS, RS’ and RT
as straight lines in this plane. If the parallelogram RSR'S’ is completed in this plane, the diagonal
RR' is drawn, and the second parallelogram RR'R"T is completed, then a line drawn through the
center parallel to straight line 7, which connects the two positive masses + e and +a'e' at the
end of time element d?, goes through point R".
Finally, if R" is connected with U, U’ and V by the greatest arc, then
UR"=8+d8 =UR+d§
UR"=9+d9 =U'R+d¥,
VR"=n+dn'=VR+dn,.
From this follows that
d8 =UR"-UR = RS + RS'cosw + RT cosN
d9',=U'R-U'R = RS'+RS cosw+ RT cos(w +N)
dn, =VR"-VR = RT + RS cosN + RS'cos(w + N).
If the values presented above of RS, RS" and RT are substituted, then one obtains:

5 [N. E.] Page 161 of Weber’s Werke, Vol. 3.
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1/171 =+usinG —u'sinP cos® —vsinncosN
t

9,

n el —u'sin $'+usin $cosw — vsiny cos(a) +N)
t
d . . .
n % =—vsinn +usinFcosN —u'sin 19'cos(a)+t~¢).
t
In the same way, the result for the two negative masses —ae and —a'e' is:
d§ . . .
”272 =—usin$+u'sin ¥ cos@—vsinycosN
t
7 7 2 = tu'sin 9'—usin $cos w — vsin 7 cos(@ + NX)
t
d . . .
r 6;72 = —vsinzy —usin JcosN +u'sin 9'cos(w + N);
t

further for the positive mass + e and for the negative mass —a'e':

d3 . . .
1373 =+usin $+u'sin ¥ cosw—vsinrcosN
t

g,

7 = +u'sin $'+u sinScosw—vsinncos(a)+N)

7 ddif = —vsin7 + usin $cosN + u'sin I'cos(w + N);

finally, for the negative — e and for the positive + a'e':

9,

r47=—usin19—u'sin&'cosa)—vsinncosN
t
ds' . . .
7, Z 4 = —u'sin F—usin $cos w — vsin 7 cos(w + N)
t
d . . .
r, :4 = —vsinz —usin FcosN —u'sin §'cos(w + N).
t

Now, since for the moment under consideration, , = r, = r; = r, = r, from this one obtains

r(dgl _dd _d9  dI,
dt dr ar dt
ds d9 d9 ds,
r - + +
dt  dr  dt dt

j =—4u'sin $'cosw

j =—4vsinncosN;

further:
r(d'gl _49, + a9 _ d194j = +4usin $cos ®
dt dt dt dt
r( a9, d9, d3, d9, j 0o
dt dt dt  dt ’
finally:

dt dt dt dt

r[dnl _dn, + diy _dn, j = +4usin YcosN .
dt dt dt dt

r(dm n dn, _d773 _ d774j:0
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If one substitutes these values into the aggregates of the second differential coefficients given
above, then one obtains

d’r. d’r, d’r, d’r Qg
,,( Ly 2 2 27 37 4 = _8uu'sin$sin ' cosw

A S S
r(dzl’l_dzl”2+dzl’3 d2r4j

at* d’ dt* dr
These values, finally, yield the sum of the forces which act on the positive and negative electricity
in element ',

=—8uvsin JsinrcosN —4rcosl9-%.

'

aa ) ) 1
——-aeu- ae'u'(sm Gsin $'cosw — E cosdcos 9') ,
B

viz., the electrodynamic force acting on the ponderable element o' is determined for moving
conductors and variable current intensities, as well as for conductors at rest and constant current
intensities, and Ampere's law finds general application with regard to these forces for given
positions of the current elements and given current intensities. The application of this law only
requires that the current intensities for each individual moment be given, with inclusion of the
portion added as a result of induction.

The difference of the forces acting on the positive and negative electricity in element o'
results in the same way,

'

22 eu- ae'u'(sin&‘sinncos& - %cos&‘cosnj - lﬂazee'-cosﬂ . % ,

'

r? r
or, since, in accordance with page 94,67 aeu =i, and, because u is variable, ae-du =di,
aa' [ . . 1 aa di
=——-—1i| sin$sinzncosN ——cosJcosn |-ae'v————ae"cos$-—.
r? 2 r dt

'

Now, the force determined in this way seeks to separate the positive and negative electricity in the
induced element ' in the direction of straight line ». The separation cannot succeed in this
direction, but only in the direction of the induced element ¢' itself, which makes the angle $' with
the extended straight line . If, therefore, one resolves that entire force in this direction, viz., if one
multiplies the above value by cos¥', then one obtains the force which actually brings about the
separation,

N 1 1 ]
= —gi(sm&lsmncos& - Ecos&‘cosnj . ae'vcosS'——ﬂae’-cosScosB'-% .
r r

'

If this value is divided by e’, then the result is the electromotor force, in the usual sense (see
Section 24, page 109),°® exerted by the inducing element ¢ on the induced element ¢

= —@i(sin&lsinn cosN —lcosgcos nj -avcos 3’—lﬂa cos$cos 19'2 .
r 2 2 r dt
If the change in the current intensity is made
di _
d

then once more we find the same law which was found in Section 24 for the induction of a constant
current element on the moving element of a conductor, and then the electromotor force is

57 [N. E.] Page 152 of Weber’s Werke, Vol. 3.
58 [N. E.] Page 170 of Weber’s Werke, Vol. 3.
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'

= —gi(sinélsinncostﬁ—%cos&‘cosnj-avcos&",
-

in which the same angles, which were denoted $', @, ¢ in Section 24, are named 7, X and ',

and the velocity, which was called u', is denoted v.
On the other hand, if, in the general value, one makes
v=0,
one obtains the same law which was found in Section 28 for the induction of a variable current
element on the element of a conductor at rest, and then the electromotor force is

1 ao' di
=———acos$cos ¥ —.

r dt
The electromotor force of a variable current element on the moving element of a conductor is
therefore the sum of the electromotor forces which would take place, 1) if the element of the
conductor were not in motion at the moment under consideration, 2) when the element of the
conductor were indeed in motion, but the current intensity of the inducing element at the moment
under consideration were unchanged.

The general law of determining the effects of arbitrarily moving conductors with a current
flowing through them according to the galvanic laws, is herewith completely given, if it may be
assumed, that all electrical motions in linear conductors comprised under the name galvanic
currents, actually conform precisely to the determinations given on page 83 and page 85.%
However, even if it is not to be doubted that all galvanic currents come close to those
determinations, small deviations can nevertheless rightly be expected, given the great dissimilarity
in the sources of galvanism. These deviations and their influence on the electrodynamic
determination of measure will be further discussed here.

According to the determinations given on page 83 and page 85,” each current element
should contain the same amount of positive and negative electricity, and both should flow through
the element with the same velocity, but in opposite directions. If a constant current were to consist
of nothing but such elements, whose respective positions remained unchanged, then they would
mutually exert no electromotor force whatever on each other. See Section 24, page 107.”' The
electromotor forces, which would overcome the resistance of the individual elements, and would
thereby, according to page 84, bring about the continuation of the current in all elements
simultaneously, would then have to exist independently of the current elements, and would be
distributed on all current elements in proportion to their resistance, if the current is to uniformly
continue to exist in all elements.

Depending on the nature of the sources of galvanism generating the original electromotor
forces, which are independent of the interaction of the current elements themselves, that equal
relation between the forces and the resistance to be overcome by them in all elements of the
conductor will sometimes occur, sometimes not. Serving an example of the first case, is a
homogeneous, circularly shaped conductor, in which a galvanic current is induced by the motion of
a magnet in the normal passing through the center of the circle to the plane of the circle. In this case
an electromotor force acting uniformly on all the elements of the circle would be obtained by
means of magneto-induction, and, since the resistance is likewise the same for all elements, the
conditions are hereby fulfilled for the uniform presence of the current in all segments. Given the
nature of things, however, such a case seldom occurs; as a rule, no equal relation between the
original electromotor forces and the resistance in all the elements will occur, and the inequalities

59 [N. E.] Pages 135 and 139 of Weber’s Werke, Vol. 3.
7% [N. E.] Pages 135 and 139 of Weber’s Werke, Vol. 3.
"I [N. E.] Page 168 of Weber’s Werke, Vol. 3.
2 [N. E.] Page 136 of Weber’s Werke, Vol. 3.
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must then be equalized by means of the interaction of the elements. Now, if such an interaction
of the elements of a constant current, an interaction consisting of electromotor forces, is not to be
excluded, then the definition of galvanic currents must be broadened.

By a galvanic current, as opposed to other electrical motions not comprised under this
name, should be understood a motion of the electricity in a closed conductor, such that the same
amounts of positive and negative electricity flow through all its cross-sections simultaneously in
the opposite directions. This equality of the positive and negative electricity flowing through does
not necessarily presuppose the equality of the moving positive and negative masses, which was
previously assumed, but rather, it can exist even when the latter are of unequal magnitudes, if the
larger mass flows slower, the smaller one faster. In a galvanic current of the latter kind, new
electromotor forces arise from the interaction of the elements, by means of which forces the
unequal relationship of the original electromotor forces can be equalized. For as soon as the
positive amount of electricity in an element is not equal to the negative, viz., as soon as the element,
because of an excess of one electricity, is charged with free electricity, this free electricity itself, in
accordance with the laws of the excitation of electricity by means of separation, becomes a source
of electromotor forces for all other elements, which, through intensifying that charge, can be
increased such that, added to the original electromotor forces, they become proportional to the
resistance in all elements, for which, in the galvanic circuits with which we are familiar, a very low
degree of electrical charge suffices.

The investigation of how this charge in the individual elements in a closed galvanic circuit
arises spontaneously in virtue of the initial inequality of the current in the different parts of the
circuit, and increases until the given condition of a current uniform in all parts of the circuit is
satisfied, leads to the internal mechanics of the galvanic circuit and is outside the scope of this
Treatise, because there the action of electrical masses on adjacent masses must be taken into
calculation, while here, merely the actions exerted at a distance need be considered. Independently
of the investigation of the generation of these charges, and the resulting laws of their strength and
distribution, here we will only discuss the influence which they have, when they are present, on the
electrodynamic determinations of measure. The discussion of this influence is important in this
connection, because the presence of such charges is to be viewed as a rule having only infrequent
exceptions. Even if this influence is so slight that, even without taking it into consideration, the
calculation accords with empirical experience in most cases, nevertheless, it can be useful to know
what this influence consists of and how it can become appreciable.

Under the conditions stated on page 128,” think of the positive mass + e in the element o
as increased by mae, where m denotes a small fraction, while the velocity +u of this mass,
however, is thought of as decreasing by the small magnitude +mu; likewise think of the positive
mass +a'e as increased by na'e', its velocity +u'as decreased by nu'. The forces acting on both
electrical masses in element ' are to be determined, which come about through these changes.

The two forces which the positive mass +ae in element o exerted on the positive and
negative masses +a'e' and —a'e' in element o', were

ae-a'e ad o d'n
+— 1———+§r

r 16 dr’ dr’
ae-a'e a’drp o d'r
R R ew sl el B
r 16 dt= 8 dt

in which, in accordance with page 129,”* we are to make

7 [N. E.] Page 196 of Weber’s Werke, Vol. 3.
™ [N. E.] Page 198 of Weber’s Werke, Vol. 3.



135

dr,
—L =—ucos$+u'cos9+vcosn
t
dr.
73 =-ucos$—u'cosF+vcosn ,
t
and, in accordance with page 129 and page 131:”
2
7, : : :
r— L =+u’sin® +u" sin® $+v*sin’ 57
t

—2(uu'sin Isin ' cos @+ uvsin Isin 77 cos N —u'vsin §'sin 7 cos(@ + X))

-r cos&ﬂ—cosg'd—u—cosr;ﬂ
dt dt dt

2
3
dt’
+ 2(uu'sin Isin F cos @ — uvsin $sinz cosN — u'vsin §'sin 77 cos(w + X))

du du' dv
—r| cosd—+cosF ——cosnp— |.
dt dt dt
The Difference between the above two forces, on which the electromotor force depends, can

be made

r =+u’sin’ 9+ u"”sin> F+v’sin’p

ae-a'ée
=2—,
B

because the remaining terms are very small in comparison with this first one. Now, if (1 + m)e is

substituted for e and multiplied by cos$'/e', and the original value multiplied by cos$'/e' is
subtracted, one obtains, in accordance with page 109 and page 133,7® the electromotor force which
arises from the charging of element a with free electricity and which acts on element o'

aa'
=2m——ecosd.
r

Charging element «' itself, which is acted upon, does not change the electromotor force; for if, in
the above difference, (1+ n)e' is substituted for e’ and multiplied by cos$'/(1+ n)e' , and the original
value multiplied by cos$'/e' is subtracted, there is no remainder.
The sum of the above two forces, on which the electrodynamic force acting on the
ponderable carrier depends, is obtained by substitution of the values arrived at
1 aa'

=y ae- ae'[uu'sin&‘sin ' cosw—u'vsin $sinz cos(w + N)
-

- luu'cos&lcos19'+lu'vcos&l'cosn — lrcos&"-% .
2 2 4 dt

From this is obtained 1) the portion arising from the increase in the mass+ ae, of the force with
which the elements « and «' repel each other, when (1 + m)e is substituted for e, and the original
value is subtracted,

7> [N. E.] Pages 198 and 200 of Weber’s Werke, Vol. 3.
7 [N. E.] Pages 170 and 202 of Weber’s Werke, Vol. 3.
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maa' g . .
= ae- ae'[uu'sin 9sin 9'cos @ — u'vsin F'sinzcos(w+N)
-

- luu'cos&cos F+u'vcos $'cosn — lrcos&'% ;
2 4 dt

2) the portion of the force arising from the decrease in velocity +u, when (1 - m)u is substituted for
u, and the original value is subtracted,

!

maa . : 1
= +3—2 -ae- ae‘[uu'sm&sm d'cosw —Euu'cosgcosg'} ;
r
3) the portion of the force arising from the increase in the mass + a'e', when (1 + n)e' is substituted

for ', and the original value is subtracted,
naao' . . . :
=y ae-ae' [uu'sm Isin 9'cos w —u'vsin 9'sin 7 cos(w + N)
B

- luu'cos&lcos 19'+lu'vcosl9'cosn - lrcos gL ;
2 4 dt

4) the portion of the force arising from the decrease in the velocity +u’, when (1 — n)u' is substituted
for u', and the original value is subtracted,

'

naoa g : :
= +§—2 - ae - ae'[uu'sin 9sin 9'cos @ — u'vsin I'sin 1'cos(@ +N)
r

— %uu'cos&‘cos 19'+%u'vcosl9'cos77} .

If all these portions which arise are conjoined, one obtains the influence which the charging of

elements o and @' with free positive electricity (if m and n have positive values) or negative

electricity (if m and n have negative values) has on the electrodynamic repulsive force which o

and o' exert; to be precise, it is the resulting increase in this repulsive force, when one makes

aev=y, ae'u'=i" and ae'du'=di',
1

= +%ﬂ;(i'(sinl9'sinncos(a)+ N)—%COSQ'COSUJ P

2
r

ao' 7'
——aecos $-—.
r dt

This influence, therefore, wholly vanishes, when the action on a constant current element at
rest 1s considered, for which v = 0 and di’ = 0. Further, this influence also vanishes in a constant
current element in motion «', when the element « acting upon it possesses no free electricity,
because in that case m = 0 and di’ = 0. Finally, if free electricity is present in element « , there exists
that influence in a force which is equal to that force which would be exerted on current element '

. . - 1
by another current element in the place of &, when the masses contained in it, +Emae and

——ae were to flow with velocities —v and + v in the direction in which current element «' is

moved with velocity +v. The necessity of this influence can also be examined from Fechner’s
viewpoint in Section 16, page 116.”” For the case where a change occurs in current intensity i’ in
current element «', which is acted upon, there is added to the above, finally, an influence
proportional to this change di’, and with the sum of the free electricity present in both elements «
and o', which determines the last term in the formula.

"7 [N. E.] Page 179 of Weber’s Werke, Vol. 3.
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31.

In the method for determining galvanic current given in Section 19, on which the law
describing two electrical masses acting on one another at a distance is based, instead of the actual
current, in which the velocity of the flowing electricity probably fluctuates in its passage from one
ponderable particle to the other in a steady alternation, an ideal current of uniform velocity is
assumed. This substitution was necessary to simplify the treatment, and it seems permissible
because it is simply a question of an action at a distance. It now remains to prove this initial
assumption about the electrical law.

Let there be two electrical masses, e and e/, which at the end of time ¢ are found at a
distance » from one another. Let their relative velocity up to this instant be a constant = y. The
repulsive force of the two masses in the last moment of the given time period 7, would thus be,
according to the fundamental electrical law:

' 2
ee a ,
—|1=—y" .
r ( 16 4 J
In the following element of time, ¢, an acceleration
d’r
_2 =
dt
occurs, whereby the repulsive force for the duration of the time period will be

_€_€' l_a_zyz +a_2.e_e'a
P’ 16 8 r

We now multiply the increase in force, which has occurred from the previous moment to the
present one, by the time element ¢ itself. We thus obtain, as the amount by which the repulsive
action has grown by this acceleration over the path dr, in which the masses e and e’ have distanced
themselves in the time &,

=—.-—-qc .
8 r

The relative velocity of the two masses, which before the time element & was = y is then, after
this time element,

=y+ac.
Let this now remain unchanged, then the repulsive force of the two masses, when they have arrived
at the distance p,

ee' a’
=?(1 —E(y+ag)2}

whereby, when a¢ is very small in comparison to y, it becomes

' 2 2
ee a a
=—2(1——}/2 ——(Zj/g] .

Yo, 16 8
Multiplying this expression by the time
dp
y+ae’

in which both masses have distanced themselves from one another by the line element dp, and
integrating between the limits p =7 to p =17, we get the repulsive action of the two masses over

the distance 7, —r, as
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Finally at the instant when the two masses are at the distance 7, a deceleration
d’r
—F =
occurs, which just as the earlier acceleration lasted only during the time element &, so now the
relative velocity of the two masses again returns to its original value
=7,
and in the path traveled in the time element ¢ there takes place a decrease in the repulsive action

a’ ee

= s
8 7

One then gets as the sum of the repulsive action over the entire path 7 —7, including the time

elements ¢, in which both the acceleration and deceleration took place,

a’ ee' ee' ( a , a j{l lj a’ ee
=+——0c+ l-—y ——aye | —— |— —as,
8 r y+ae

or, when a¢ is very small in comparison to ¥,

I PRSI RO
y+ae 167/ ron)

The time for which this sum applies is, however
n—r

- y+as’
If one divides the sum by this time, the average repulsive force during this time is obtained:

] 2
ee a
= 1-22,
rrl( 16}/j

that is, the same value as would occur if the path 7 —r had been traversed at the original velocity
y . It thus follows that if the relative velocity of two electrical masses, arriving successively at two

different distances of separation is the same, their average repulsive force over the time interval is
the same as the average repulsive force which they would have achieved, if they had traveled with
the initial relative velocity from the first distance to the latter.

This theorem may now be applied to the proof of the above assumption. For, when a
particle of electricity moves in a galvanic current from one ponderable molecule to another, it will
arrive in places both before and behind the molecule, where its velocity is the same as that of
another electrical particle moving in another current. The average repulsive force of both particles
for the duration of the passage of the first particle out of the first position into the next, is then the
same, as it would have been if both particles had moved through the space with their initial relative
velocities, that is, as if no change had taken place in the velocity of the electricity flowing from one
molecule of the ponderable conductor to the other.

Besides the change in velocity of the electrical particles as they move from one molecule of
the ponderable conductor to the next, we must also consider the changes of direction by which
approaching particles avoid one other. One easily sees that within the measurable distances of the
current element under consideration, no significant variation in the distances would occur, and
accordingly only periodic variations in the relative velocity produced by these changes of direction
would remain, which variations have already been included in the foregoing.
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It stands to reason, that in place of a current in which the velocity and direction of the
flowing electricity are subjected to a periodic change, a wuniform current can rightfully be
substituted, as is done in Section 19.

It is also permitted, that, in place of a straight current element, a bent one be substituted, so
long as the beginning and end points remain unaltered, and no perceptible difference from the
straight line joining them is allowed. Finally, as happens in Article 29, in place of one element,
three elements may be considered, which behave in respect to the one like the edges of a
parallelepiped to its diagonal.

32.

The discovered fundamental electrical law can be expressed in different ways, which will be
illustrated by a few examples.

1) Because distance 7 is always a positive magnitude, it can be written as p*. This yields78
dr=2pdp, d’r=2pd’p+2dp’

hence”
s dr’ ,dp’ d’r d’p .dp’
y = , = 4 N = 2 + 2 .
r ar P ar ar Pt ar
2 2
If these values are substituted in the formula z l—a—dLJra—rd , the following shorter
r 16 dt* 8 dt’
formula is obtained:
ee' at s d’
wf @ dp)
Yo, 4 dt

2) By reduced relative velocity of the masses e and e’ should be understood that relative
velocity, which those masses, reaching at the end of time ¢ the distance r, the relative velocity

dr/dt, and the relative acceleration d’r/dt’, would possess, if the last-named were constant, at
the moment (t - 8), at which both, according to this premise, would meet at one point. If v denotes
this reduced relative velocity, then according to the well-known law of uniform acceleration:

dr d*r
V:—z'
dt dt
2
r—v,9+ld—2 9.
2 dt

By elimination of 9, these two equations yield:
1, ldr’ d*r
—v = r—-.

2 2
If these values are substituted in the formula 2(1—%%+%r§—j the following shorter
r

formula is obtained:

78 [N. E.] The last equation should be understood as d*r =2pd*p +2(dp)’ .

7 . , (drY . (dpY d*r d’p (dpY
N. E.] These equations should be understood as r=p°, | — | =4p°| — | , —=2 +2| — | .
[ ] d e (dt P\ ar a’ Par dt
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(] 2
% -4, ,
r 16

which can be verbally expressed in the following way: The decrease, caused by the motion, in the
force with which two electrical masses would act upon each other, if they were not in motion, is
proportional to the square of their reduced relative velocity.
2 2 2 2
ee' a dr- a dr
r 16 dt© 8 dt
repels the mass e, and conversely, e’ acts on and repels e, then there follows from this the
accelerative force for mass ¢’

j is the absolute force with which the mass e acts on and

el a’*dr* a* d*r
r 16 d* 8 dt*
for mass e’,

e a’dr’ o d’r
il R P
r 16 dt~ 8 dt
The following relative acceleration results for both masses:

e+e' adr’ a dr
=—|1l-——Ft—r—=.
r 16 dt~ 8 dt
If to this is added that relative acceleration which results for the same masses, partly from the
persistence of their motion in their present trajectories, partly from the influence of other bodies,
which would be conjointly denoted as f, then the following equation is obtained for the fotal

relative acceleration, i.e., for d*r/dt*
d’r e+e a’dr* a* d'r
—2 = —2 1 — ——2 —l"—z + f .
dt r 16 dt 8 dt
With the help of this equation, the differential coefficient d’r/dt’ can be determined and its value
( 2 2 2 2
put into the formula e 1_a_d_r2+a_rd_§
16 dt 8 dt

2
representing the force with which two electrical masses act upon each other, independent of their
relative acceleration:*'

j, which then becomes the following expression,
r

% [N. E.] What Weber calls here the accelerative force for mass e (beschleunigende Kraft fiir die Masse e) is the
acceleration of the particle with charge e relative to an inertial system of reference when we suppose a system of units
for which the inertial mass of this particle is equal to e. In his sixth major Memoir published in 1871, which has already
been translated to English (W. Weber, Philosophical Magazine, Vol. 42, pp. 1-20 and 119-149 (1872), “Electrodynamic
measurements — Sixth Memoir, relating specially to the principle of the conservation of energy”), Weber generalizes
this result considering the inertial masses of the particles with charges e and ¢' as given by, respectively, ¢ and &'. In
this case he was considering a system of units for which the unit of mass is one milligram; see especially pages 2 and 3
of this English translation of 1872. In this case the acceleration of the particle with charge e would be given by,
ee' a’ dr* a® d'r

l-———+—7r

( 16 dt* 8 dt’

ee' [1 at drt d? der

according to Newton’s second law of motion: a= ) By the same reasoning the

er?

acceleration a' of the particle with charge ¢' would be given by a'=

V2| g 2 T

-
e'r 16 dt* 8 di?

81 [N. E.] In the paper of 1871 quoted above, this expression takes the following more generalized form (see pages 3, 4
and 147 of W. Weber, Philosophical Magazine, Vol. 43, pp. 1-20 and 119-149 (1872), “Electrodynamic measurements
— Sixth  Memoir, relating specially to the principle of the conservation of energy”):
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' 2 2 2

ee f1-edr @
2 a . 16 dt 8

r —§(6+e)r

Accordingly, this force depends on the magnitude of the masses, on their distance, on their relative
velocity, and, finally, on that relative acceleration f, which it reaches partly as a result of the
persistence of its already existing motion, partly as a result of the forces acting on it from other
bodies.

It seems to follow from this, that the direct interaction of two electrical masses would not
exclusively depend on these masses themselves and their relations to one another, but would also
depend on the presence of third bodies. Now, it is well known that Berzelius has already supposed
the possibility of the dependency of the direct interaction of two bodies on the presence of a third,
and has given the name catalytic to the forces resulting from this. If we avail ourselves of this
name, then it can be said hereafter that the electrical phenomena also originate in part from
catalytic forces.

This demonstration of catalytic forces for electricity is, however, no strict inference from
the discovered fundamental electrical law. That would be the case only if one necessarily had to
associate this fundamental law with the idea that only such forces would thereby be determined
which electrical masses directly exerted upon one another at a distance. It is, however, possible to
conceive that the forces included under the discovered fundamental law are also the kind of forces
which two electrical masses indirectly exert upon one another, and which hence must depend, first
of all upon the transmitting medium, and further upon all bodies, which act on this medium. It can
easily occur, that such indirectly exerted forces, when the transmitting medium evades our
observation, appear as catalytic forces, although they are not. In order to speak of catalytic forces
in such cases, the concept of catalytic force would have to be fundamentally modified. That is, by
catalytic force one would have to understand the kind of indirectly exerted force, which can be
determined by a general rule, by means of a positive knowledge of the bodies to whose influence
the transmitting medium is subjected, without knowledge, however, of this medium itself. The
discovered fundamental electrical law yields a general rule for determination of catalytic forces in
this sense.

Another still undecided question is, however, whether the knowledge of the transmitting
medium, even if it is not necessary for the determination of forces, would nevertheless be useful.
That is, the general rule for determination of forces could perhaps be expressed still more simply,
when the transmitting medium were taken into consideration, than was otherwise possible in the
fundamental electrical law presented here. However, investigation of the transmitting medium,
which perhaps would elucidate many other things as well, is itself necessary in order to decide this
question.

The idea of the existence of such a transmitting medium is already found in the idea of the
all-pervasive neutral electrical fluid, and even if this neutral fluid, apart from conductors, has up to

ee' .[1 1 dr’ +ﬂ

> ey - J . In this equation e and ¢' are the charges of the particles with inertial masses
roe+e
rr——--———ee

cc dt*  cc
1

cc &€
¢ and &', and Weber replaced 4/a by c. This constant ¢ had already been measured by Weber and Kohlrausch in

1854-5, who found it as 439450 x10°mm /s . That is, it is essentially V2 times light velocity in vacuum. It should not
be confused with the present day constant ¢, which is equal to the light velocity in vacuum. There is an English
translation of a paper by Weber and Kohlrausch describing this fundamental measurement which they were the first to
perform: W. Weber and R. Kohlrausch, “On the amount of electricity which flows through the cross-section of the
circuit in galvanic currents,” In: F. Bevilacqua and E. A. Gianetto, editors, Volta and the History of Electricity, pp. 287-
297 (Universita degli Studi di Pavia and Editore Ulrico Hoepli, Milano, 2003).
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now almost entirely evaded the physicists' observations, nevertheless there is now hope that we
can succeed in gaining more direct elucidation of this all-pervasive fluid in several new ways.
Perhaps in other bodies, apart from conductors, no currents appear, but only vibrations, which can
be observed more precisely for the first time with the methods discussed in Section 16. Further, I
need only recall Faraday's latest discovery of the influence of electrical currents on light
vibrations, which make it not improbable, that the all-pervasive neutral electrical medium is itself
that all-pervasive ether, which creates and propagates light vibrations, or that at least the two are so
intimately interconnected, that observations of light vibrations may be able to explain the behavior
of the neutral electrical medium.

Ampere has already called attention to the possibility of an indirect action of electrical
masses on each other, as cited in the introduction on page 3,* “namely, according to which, the
electrodynamic phenomena” would be ascribed “to the motions communicated to the ether by
electrical currents.” Ampere himself, however, pronounced the examination of this possibility an
extraordinarily difficult investigation, which he would have no time to undertake.

If, in addition, new empirical data, such as, for example, those which will perhaps emerge
from further pursuit of the experiments to be carried out in accordance with Section 16 on electrical
vibrations, and from Faraday's discovery, should appear to be particularly appropriate for gradually
eliminating the difficulties not overcome by Ampére, then the fundamental electrical law in the
form given here, independent of the transmitting medium, may afford a not insignificant basis for
expressing this law in other forms, dependent upon the transmitting medium.
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